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ABSTRACT

Digital microfluidics in combination with emulsion microfluidics are crucial building blocks of droplet-based microfluidics, which are prevalent in a wide variety of industrial
and biomedical applications, including polymer processing, food production, drug delivery,
inkjet printing, and cell-based assays. Therefore, understanding the dynamics and interactions of droplets as well as the interactions between the droplets and solid surfaces are of
great importance in order to improve the performance or product in these applications.
Recently, several studies in the literature have demonstrated the potential of magnetic
fields in controlling the behavior of droplets in microscale; however, the fundamental
mechanism behind the interesting dynamics of droplets and the full potential has not
been fully understood. To advance both fundamental knowledge as well as demonstrate
practical applications, this research combines both numerical and experimental approaches
to investigate novel manipulations of ferrofluid droplets using magnetic fields.
The first part of this research focuses on the numerical and experimental investigations on deformation and lateral migration of microscale ferrofluid droplets in shear flows,
while the second and third parts, utilizing a numerical approach, explore the breakup and
interactions of droplets under uniform magnetic fields, respectively. Next, the fourth part
demonstrates the potential of permanent magnetic fields in the control of coalescence of sessile droplets on hydrophobic surfaces, while the fifth part studies the freely falling droplets
under the influence of gravity and a uniform magnetic field. Finally, both numerical and
experimental approaches are adopted to investigate the wetting and bouncing dynamics of
ferrofluid droplets upon impact onto a solid flat surface under permanent magnetic fields.
The results demonstrate several simple, versatile and powerful methods for the manipulation
of droplet dynamics using magnetic fields, which can play a crucial role in droplet-based
applications.
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1. INTRODUCTION

Droplets dispersed in another immiscible liquid are frequently encountered in a
number of industrial applications that involve liquid-liquid extraction [Abeynaike et al.,
2012, Lifton, 2016, Nilsson et al., 2013], emulsification [Jafari et al., 2008, Lobo and
Svereika, 2003], and in particular, polymer blending [Ionescu-Zanetti et al., 2004, Shum
et al., 2008], which is one of the fastest and most commercial means of producing materials
with improved properties. The microscale structure of a polymer blend, developed during
the processing, is dependent on the droplet distribution and plays a pivotal role in the
determination of the mechanical strength and permeability of the polymer blends.
A single droplet in simple shear flow serves as an excellent model problem to understand droplet dynamics and can provide fundamental insights to more complex emulsion
systems [Rallison, 1984, Stone, 1994]. Following the pioneering work of Taylor [Taylor,
1932, 1934], numerous experimental [Guido and Villone, 1998, Rumscheidt and Mason,
1961, Sibillo et al., 2006], theoretical [Barthes-Biesel and Acrivos, 1973], and numerical studies [Feigl et al., 2007, Griggs et al., 2007, Li et al., 2000, Xi and Duncan, 1999]
have been carried out to investigate the deformation and breakup of a Newtonian droplet
suspended in shear flow of another viscous Newtonian fluid. Three-dimensional singledroplet deformation and breakup under simple shear flow using numerical simulation has
been investigated by Xi [Xi and Duncan, 1999]. Debruĳn [Debruĳn, 1991] developed a
Couette device to study the breakup of non-Newtonian droplets in a quasi-steady simple
shear flow. Li [Li et al., 2000] performed a numerical simulation using the volume of
fluid (VOF) method to observe the breakup of a single droplet into daughter droplets via
an end-pinching mechanism. Feigl [Feigl et al., 2007] conducted both a simulation and
experiments to study the deformation and orientation of the droplet in a simple shear flow.
These investigations find that the droplet deformation depends on several dimensionless
parameters, including the Capillary number, Reynolds number, viscosity ratio between the
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dispersed and continuous phases, and the confinement ratio. For a comprehensive review
of this topic, readers are referred to a number of excellent review articles [Rallison, 1984,
Stone, 1994].
It is a well known fact that when polymer processing involves complex flow fields,
the droplet size and distribution are mainly affected by two key phenomena: droplet coalescence and breakup, which can also simultaneously occur in polymer blends. In general, coalescence is a more complex phenomenon than breakup since coalescence involves
droplet-droplet interactions, while breakup requires a single drop and is not greatly influenced by the presence of neighboring drops in polymer blends [Loewenberg and Hinch,
1997]. The coalescence phenomenon mainly consists of three distinct phases: approach
leading to collision, film drainage between liquid phases due to the flattening of the interfaces, and rupture leading to confluence. Sometimes, droplet collision does not inevitably
result in coalescence, due to increased droplet deformation, which eventually decreases the
probability of coalescence [Chesters, 1991].
In recent years, small scale mixing devices are getting more attention in the development stage of the polymer blends and composites [Cassagnau and Fenouillot, 2004, Son,
2009], and due to their small size, the wall effects on the droplets can not be neglected.
The flow in these types of mixing devices is a combination of both shear and extensional
flow; however, shear flow is often considered as the main flow component. As a result,
most of the studies in the literature are devoted to the structural organization of droplets in
a confined shear flow [De Bruyn et al., 2014], and in order to obtain a precise control on the
size and shape of the droplets in a confined shear flow, a comprehensive understanding of
the underlying hydrodynamics behind the interaction behavior between droplets is required.
Following the pioneering works of Taylor [Taylor, 1932, 1934], several authors
investigated the collision between two droplets in a shear flow [Edwards et al., 2009, Rother
et al., 1997]. Guido and Simeone [Guido and Villone, 1998] used an optical microscopy to
analyze droplet collision in a simple shear flow; however, the coalescence conditions were
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not mentioned in their work. Baldessari and Leal [Baldessari and Leal, 2006] performed a
theoretical investigation on the interaction between a pair of droplets in a linear flow at a
low capillary number and found that overall droplet deformation plays a crucial role on the
drainage of the film during coalescence, while Jaeger et al. [Jaeger et al., 1994] found that
coalescence depends on the mobility of the interfaces. Burkhart et al. [Burkhart et al., 2001]
theoretically predicted the final size distribution of non-deformable drops in a dispersion
based on the degree of droplet deformation. Moreover, a review on the potential of more
classical forces, such as, dispersion and supramolecular forces on film rupture is provided
by Bergeron [Bergeron, 1999].
Experimental investigations are mainly focused on the evolution of the final shape of
the droplet or size distribution in a dispersion of droplets exposed to steady or transient flows
[Lyu et al., 2002, Marić and Macosko, 2002]. Chen et al. [Chen et al., 2009] analyzed the
confinement effect on droplet coalescence in a pure shear flow and found that coalescence
is promoted by confinement. De Bruyn et al. [De Bruyn et al., 2013] studied the effect
of initial offset in the velocity gradient direction on the coalescence proficiency of two
droplets in a confined shear flow and found that confinement initiates reversal droplet
trajectories at small initial offsets. Yang et al. [Yang et al., 2001] and Ha et al. [Ha et al.,
2003] analyzed the individual flow-induced coalescence events under confined conditions,
and their results suggest that droplet interactions involve a richer phenomena, which is
dependent on the droplet deformation and corresponding hydrodynamic interactions among
themselves. Furthermore, splitting and coalescence of droplets under confined conditions
in microfluidic devices have been explored by Christopher et al. [Christopher et al., 2009]
and Chen et al. [Chen et al., 2007].
Numerical simulations are useful in the study of droplet interactions, in situations
with initial conditions that are difficult to implement in experiments. Additionally, the
flexibility of numerical models provides a greater advantage in predicting the performance
of coalescence in complex systems [Farhat and Lee, 2011, Yue et al., 2005]. Chen and Wang
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[Chen and Wang, 2014] investigated droplets interaction in a shear flow under confinement
using VOF method and found that an increase in confinement leads to a reversing motion
instead of a passing-over motion. Shardt et al. [Shardt et al., 2013] implemented a lattice
Boltzmann method to study droplet coalescence in a simple shear flow and observed that
with an increase in the droplet sizes, the critical capillary number decreases. In another
work, a lattice Boltzmann method was implemented by Sun et al. [Sun et al., 2013] to analyze
head-on droplet collision, while Dupuy et al. [Dupuy et al., 2010] used the Cahn-Hillard
free energy method to examine coalescence for non-uniform systems.
Moreover, in contrast to emulsion microfluidics, digital microfluidics deals with
the behavior of sessile droplets on an open surface and in combination with emulsion
microfluidics are crucial building blocks of droplet-based microfluidics, which has been
prevalent as a well established research field in the literature for over a decade now. One
of the main advantages of digital microfluidics over emulsion microfluidics (also known
as continuous-flow droplet based microfluidics) is that emulsion microfluidics requires an
external pumping mechanism to attain continuous generation of droplets through a closed
microfluidic channel, whereas in digital microfluidics, manipulation of droplets takes place
on an open plain surface without any confinement, which in turn enables droplets to act
as independent virtual reactors that are often utilized in point-of-care diagnostics, which
require synthesis of hazardous materials [Javed et al., 2014, Keng et al., 2012] or preparation
of complex samples [Choi et al., 2013, Ng et al., 2015, Pipper et al., 2007, 2008] and cellbased assays [Choi et al., 2012].
Droplet manipulation in microfluidics applications is usually accomplished either
by controlling the behavior of magnetic particles by a permanent magnet or an array of
electromagnets that consists of micro coils. Okochi et al. [Okochi et al., 2010] controlled
droplets with magnetic particles by placing a permanent magnet below the channel surface
and achieved coalescence with a lysis buffer droplet, while a simple configuration of total
RNA extraction droplet array is presented by Shi et al. [Shi et al., 2015a], which facilitates

5
the transportation of magnetic beads through buffer solutions. In contrast, several other
analytical and numerical studies [Beyzavi and Nguyen, 2008a,b, Lehmann et al., 2006a,b,
Rida et al., 2003] implemented micro coils as electromagnets in order to achieve controlled
transportation of magnetic droplets; however, one of the major issues arises as a result
of using electromagnets, which is known as Joule heating, and in turn requires a cooling
mechanism to mitigate the heating effect [Chiou et al., 2013].
Furthermore, droplet on demand (DOD) is one of the most prominent processes
involved in inkjet printing — a prospective material-conserving and cost-effective localized
additive deposition technique for large area manufacturing where the ejection of a desired
volume of ink droplet is substantially achieved via a nozzle, followed by an abrupt piezoelectric actuated quasi-adiabatic reduction in the chamber volume [Liu et al., 2013, Pabst
et al., 2013, Tekin et al., 2008]. Subsequently, the ejected droplet encounters air resistance
while falling under the influence of gravity, until impinging and spreading on the substrate,
which is again aided by the momentum gained by the droplet during the free fall and surface
tension flow along the surface [He et al., 2017, Pesach and Marmur, 1987]. Interestingly,
the spreading and final shape of the droplet are also strongly dependent on the printing
height and viscosity of the medium, which eventually are crucial in the determination of
ultimate resolution in printing techniques [Jung et al., 2013, Perelaer et al., 2009a,b].
When the size of droplets is smaller than the capillary length, the impact process
is typically governed by the inertial, capillary, and viscous forces, which is accomplished
in five consecutive stages i.e., kinematic, spreading, relaxation, wetting, and equilibrium
phases. Moreover, during the spreading phase, the spreading diameter of the impinging
droplet undergoes continuous changes, which in turn affects the heat transfer in spray
cooling process [Lin and Ponnappan, 2003]. Several analytical [Chandra and Avedisian,
1991, Madejski, 1976, Yonemoto and Kunugi, 2017] and experimental [Kim and Chun,
2001, Pasandideh-Fard et al., 1996, Scheller and Bousfield, 1995] works on the spreading
dynamics of droplets are reported in the literature, which discuss the relationship between
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the maximum droplet spreading and several dimensionless groups that affect the droplet
dynamics. These dimensionless groups include but are not limited to Reynolds number
(ratio between inertial and viscous forces), Weber number (ratio between inertial and surface
tension forces), and Ohnesorge number (ratio between viscous, inertial, and surface tension
forces). Moreover, the interaction between the bottom solid substrate and the droplet is
crucial to the overall dynamics of droplet spreading, which again can be described by the
contact angle — an equilibrium parameter among solid, liquid, and vapor interfaces.
In addition to hydrodynamic, gravitational, and surface tension forces, droplet rheology can also be manipulated by using external forces through an electric [Bararnia and
Ganji, 2013, Supeene et al., 2008], acoustic [Pangu and Feke, 2004, Wixforth et al., 2004],
and magnetic field [Sherwood, 1988, Zakinyan et al., 2012]. Salipante and Vlahovska
[Salipante and Vlahovska, 2010] experimentally studied the electrohydrodynamics of drops
under uniform DC electric fields and came to a conclusion that the threshold field strength
of high viscous drops can be estimated using Quincke rotation criterion. Chen et al. [Chen
et al., 2015] performed both theoretical and numerical analyses on the alternating current
induced double droplets interaction in a microchannel to speculate the relationship between
droplet separation and critical electric intensity. An experimental work on droplet coalescence in a polymer blend under the impact of electric fields was done by Aida et al. [Aida
et al., 2010].
However, in order to use magnetic fields as an additional means of manipulating
the shape of a droplet, the droplet or continuous phase needs to be a ferrofluid — stable
colloidal suspensions of nanoscale magnetic particles suspended in a non-magnetic carrier
liquid and having a coating of surfactants to inhibit clumping. Also, due to the uniform
distribution of magnetic nanoparticles, ferrofluids can be transported to different locations
for liquid phase reactions [Bitar et al., 2014] and are conventionally used as sealant [Raj
and Moskowitz, 1990] in hard drives and coolant in loudspeakers [Mary et al., 2010].
Nguyen et al. [Nguyen et al., 2010] conducted experiments on the motion of a droplet un-
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der a moving permanent magnetic field and derived a critical velocity, above which the
droplet fails move with the same velocity as the moving magnet. Moreover, Beyzavi and
Nguyen demonstrated one-dimensional [Beyzavi and Nguyen, 2008b] and two-dimensional
[Beyzavi and Nguyen, 2009] manipulation of ferrofluid droplet using micro coil arrays
and found that a small magnetic field gradient is enough to induce movement in a ferrofluid droplet, while Egatz-Gómez et al. [Egatz-Gómez et al., 2006] observed coalescence
between two water drops under a moving permanent magnetic field. Since the fluids exhibit different magnetic properties, Maxwell stresses appear in the computational domain,
which give rise to interfacial instabilities in ferrofluids [Cowley and Rosensweig, 1967].
An experimental study on the use of an alternating magnetic field on forced convective
heat transfer using aqueous ferrofluids in a copper tube revealed a significant heat transfer
enhancement [Ghofrani et al., 2013]. Ray et al. [Ray et al., 2017] performed both numerical
and experimental investigations on the manipulation of ferrofluid droplets by a permanent
magnet and observed coalescence and mixing of ferrofluid droplets under magnetic fields,
while Rowghanian et al. [Rowghanian et al., 2016] implemented a computational scheme to
study the dynamics of a ferrofluid droplet under spatially uniform magnetic fields.
The objective of this doctoral research is to systematically explore the dynamic
behavior and interactions of droplets under the presence of magnetic fields at low Reynolds
number flows, which involves developing accurate numerical models and experimental setups in order to systematically analyze the deformation, orientation, breakup, coalescence,
wetting, and bouncing of droplets in shear and gravity induced flows and on open surfaces.
This approach will be advantageous over the existing traditional hydrodynamic and external force-based techniques in biomedical, lab-on-a-chip, and inkjet printing applications
terms of simple implementation in resource limited point-of-care applications, feasibility
of scaling up, and higher tolerance to liquid properties.
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2. ORGANIZATION OF DISSERTATION

In this research, many technical developments have been achieved; however, only six
major developments are presented in this dissertation. The first and sixth paper are focused
on both numerical and experimental approaches to investigate the dynamic behavior of
droplets, while a numerical investigation is carried out in the rest of the papers to analyze
the dynamic behavior of droplets in shear and gravity induced flows and open surfaces.
Specifically, Paper I focuses on deformation and orientation of a ferrofluid droplet in a
simple shear flow under uniform magnetic fields. Paper II studies the breakup mechanism
of a single droplet, while Paper III investigates the interaction behavior between two droplets
in a simple shear flow under uniform magnetic fields. Paper IV analyzes the magnetic field
induced transportation and coalescence behavior of sessile droplets under a permanent
magnetic field. Paper V studies the dynamic interaction behavior between two uneven sized
freely falling ferrofluid droplets under uniform magnetic fields, while Paper VI proposes
a novel method to manipulate the wetting and bouncing dynamics of droplets after impact
using non-uniform magnetic fields.
All six papers share a similar research topic: manipulation of droplet dynamics by
using uniform and permanent magnetic fields, while each of them has a different focus.
Paper I presents direct numerical simulation and experimental approaches to investigate the deformation, orientation, and lateral migration behavior of a ferrofluid droplet in a
simple shear flow under uniform magnetic fields. Here, the effects of shear rates, magnetic
field directions, and strengths are numerically investigated, and the results demonstrate a
novel method to control the behavior of dispersed droplets in another immiscible fluid,
which is important is emulsion-based applications.
Paper II analyzes the breakup mechanism of a ferrofluid droplet in high shear flow
conditions under the presence of a uniform magnetic field. Here, the effects of magnetic
field strengths, directions, and viscosity ratios on the breakup event are demonstrated in low
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Reynolds number flows. The findings indicate the enormous potential of magnetic fields in
controlling the breakup of ferrofluid droplets and emulsion rheology, which are relevant to
a variety of applications in the fields of microfluidics and polymer processing.
In order to have a comprehensive understanding on the complex interaction behavior
between a pair of droplets, Paper III proposes a level set algorithm that can track the free
interface of droplets and correctly capture the coalescence and separation behavior where the
application of an uniform magnetic field provides the users an external control to manually
manipulate the interaction behavior of droplets in low Reynolds number flows. This paper
discusses the effects of shear flows, magnetic field strengths, directions, and initial vertical
separation on the interaction phenomenon between droplets, which is critical in order to
achieve a better control on the behavior of droplets in microfluidics-based applications.
To demonstrate the potential of non-uniform magnetic fields in the actuation and
flexibility of implementation in resource limited point-of-care applications, a phase field
method based numerical approach is proposed in Paper IV to analyze the dynamic behavior
of sessile droplets on hydrophobic surfaces under a permanent magnetic field. Here,
an in-detailed discussion on the effects of magnetic field strengths, contact angles, and
viscosity ratios on the coalescence pattern between sessile droplets are presented, which
are again considered as integral processes in digital microfluidics, including the synthesis
of hazardous materials or preparation of complex samples and cell based assays.
The continuous production of satellite droplets in addition to main droplets is considered as a common and troublesome feature in inkjet printing processes, which again greatly
affects the resolution of the final quality of the product. In order to address this issue, Paper
V demonstrates a novel method to manipulate the dynamic interaction behavior of freely
falling droplets under gravity using uniform magnetic fields. The results suggest that it is
possible to manually delaying and expediting the coalescence event between uneven-sized
droplets before the impact by the application of magnetic fields along different directions.
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Finally, Paper VI investigates the complex post-impact wetting and bouncing dynamics of droplets on a wide range of hydrophobic surfaces under a non-uniform magnetic
field. Here, both numerical and experimental approaches are adopted to analyze the effects
of magnetic field strengths, magnet sizes, and viscosity ratios on the droplet impact process,
and the results signify the potential of non-uniform magnetic fields in the active control of
wetting and bouncing dynamics of an impinging droplet on hydrophobic surfaces, which is
critical to spray cooling and advanced 3D printing of metals.
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ABSTRACT
We numerically investigate deformation and orientation of a ferrofluid droplet in a
simple shear flow under a uniform magnetic field. The numerical simulation is based on the
finite element method and couples the magnetic and flow fields. A level set method is used
to model the dynamic motion of the droplet interface. Systematic numerical simulations
are used to assess the effects of direction and the strength of the magnetic field. Focusing
on low Reynolds number flows (Re . 0.02), the numerical results indicate that at a small
capillary number (Ca ≈ 0.02), the magnetic field dominates over the shear flow above a
certain magnetic bond number (Bo𝑚 ≈ 3). The orientation of the droplet is aligned with the
direction of the magnetic field, while the deformation of the droplet varies slightly when
the direction of the magnetic field is varied. On the other hand, for large capillary numbers
(Ca ≈ 0.23), the deformation and orientation of the droplet is influenced by both the shear
flow and the magnetic field, except for a small magnetic bond number (Bo𝑚 . 0.2). In both
the small and large capillary number cases, the droplet deformation is found to be maximum
at 𝛼 = 45◦ (direction of magnetic field) and minimum at 𝛼 = 135◦ . In addition, the effect
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of the magnetic field on the flow field inside and outside the droplet at different conditions
is examined. We demonstrate active control of lateral migration of ferrofluid droplets in
wall-bounded simple shear flows. The direction of the lateral migration depends on the
orientation of the deformed droplets due to uniform magnetic fields at different directions.
Keywords: Microdroplets, Magnetic fields, Two-phase systems, Deformation, Microfluidics, Magnetic fluids, Ferrohydrodynamics

1. INTRODUCTION
Emulsions are liquid droplets dispersed in another immiscible liquid phase. When
subjected to shear flows, the droplets deform and may break up. Understanding the dynamics
of droplets in shear flows is of great importance to a variety of technological and industrial
applications that utilize emulsions, including cosmetics, food production, and polymer
processing [Lamura et al., 1999, Mosbach and Andersson, 1977]. For example, in blending
of molten polymers, the distribution of droplet size and shape is critical to the rheology and
physical properties of the polymer system [Van der Sman and Van der Graaf, 2006, 2008,
Yue et al., 2004].
A single droplet in simple shear flow serves as an excellent model problem to understand droplet dynamics and can provide fundamental insights to more complex emulsion
systems [Rallison, 1984, Stone, 1994]. Following the pioneering work of Taylor [Taylor,
1932, 1934], numerous experimental [Guido and Villone, 1998, Rumscheidt and Mason,
1961, Sibillo et al., 2006], theoretical [Barthes-Biesel and Acrivos, 1973], and numerical
studies [Feigl et al., 2007, Griggs et al., 2007, Li et al., 2000, Xi and Duncan, 1999]
have been carried out to investigate the deformation and breakup of a Newtonian droplet
suspended in shear flow of another viscous Newtonian fluid. Three-dimensional singledroplet deformation and breakup under simple shear flow using numerical simulation has
been investigated by Xi [Xi and Duncan, 1999]. Debruĳn [Debruĳn, 1991] developed a
Couette device to study the breakup of non-Newtonian droplets in a quasi-steady simple
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shear flow. Li [Li et al., 2000] performed a numerical simulation using the volume of
fluid (VOF) method to observe the breakup of a single droplet into daughter droplets via
an end-pinching mechanism. Feigl [Feigl et al., 2007] conducted both a simulation and
experiments to study the deformation and orientation of the droplet in a simple shear flow.
These investigations find that the droplet deformation depends on several dimensionless
parameters, including the Capillary number, Reynolds number, viscosity ratio between the
dispersed and continuous phases, and the confinement ratio. For a comprehensive review
of this topic, readers are referred to a number of excellent review articles [Rallison, 1984,
Stone, 1994].
In addition to using viscous shear, external force fields such as electric or magnetic
fields provide an additional means of controlling the deformation of droplets [Stone et al.,
1999]. When the droplets and suspending fluid have different electrical properties, an
electric field will result in additional Maxwell stresses on the fluid interface to affect the
droplet deformation [Maehlmann and Papageorgiou, 2009, Vlahovska, 2011]. Vlahovska
[Vlahovska, 2011] developed an analysis to describe the effect of a uniform electric field
on the deformation and orientation of dielectric droplets in a simple shear flow. Mahlmann
et al. [Maehlmann and Papageorgiou, 2009] investigated the electric field effects on two
dimensional drops in simple shear flow at arbitrary Reynolds numbers. Mandal [Mandal
et al., 2016] analytically studied the effect of a uniform electric field on the motion of droplet
in an unbounded poiseuille flow and also in a simple shear flow [Mandal and Chakraborty,
2017].
Magnetic fields have been demonstrated to control the dynamics of single ferrofluid
droplets [Afkhami et al., 2010, Bacri et al., 1982] or emulsion systems [Dikansky et al.,
2011, Zakinyan and Dikansky, 2011, Zakinyan et al., 2014]. To use magnetic manipulation,
either the droplet or suspending fluid needs to be a ferrofluid [Rosensweig, 1985] – a
dispersion of magnetic nanoparticles (typical diameter around 10 nm, and typical volume
fraction 5%). Multiphase ferrofluid droplets have promising biomedical applications due
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to their ability to be delivered at a specific site with the help of proper manipulation of
a magnetic field. A notable biomedical application is the treatment of retinal detachment
[Mefford et al., 2007] by guiding a ferrofluid droplet inside the retinae. The magnetic
field has also been extensively used in microfluidics to control the various manipulation
of microdroplets. Varma et al. studied the magnetic field experimentally inducing the
merging of droplets on a lab-on-a-chip application [Varma et al., 2016]. Liu et al. and Wu
et al. studied the ferrofluid droplet formation under a uniform magnetic field [Liu et al.,
2011, Wu et al., 2013]. Tan et al. reported the manipulation of a ferrofluid droplet at
a microfluidic T-junction by using magnetic fields induced by permanent magnets [Tan
et al., 2010]. Recently, Zhang et al. studied the flow regimes of ferrofluid droplets under a
nonuniform magnetic field [Zhang et al., 2018].
To understand the role of the magnetic field, researchers have numerically and
experimentally investigated motion and deformation of a ferrofluid droplet suspended in a
viscous medium under different flow conditions. Ghaffari [Ghaffari et al., 2015] performed
numerical simulations to study the equilibrium shape and coalescence behavior of suspended
ferrofluid droplets under a uniform magnetic field. Bacri [Bacri et al., 1982] studied the
deformation of large magnetic agglomerates of ferrofluid that are sandwiched in a HeleShaw cell in a weak magnetic field. Afkhami et al. [Afkhami et al., 2008, 2010] numerically
investigated the deformation of a neutrally buoyant hydrophobic ferrofluid droplet in a
viscous medium under a uniform magnetic field. Afkhami et al. also investigated the motion
of a ferrofluid droplet in an axisymmetric geometry under a uniform magnetic field. Shi
[Shi et al., 2014] numerically investigated the dynamics of a ferrofluid droplet falling in a
non-magnetic fluid under a uniform magnetic field. Korlie [Korlie et al., 2008] studied the
rising of a bubble and sinking of a droplet in a ferrofluid by considering the gravity effect,
while Zhu et al. [Zhu et al., 2011] studied the nonlinear deformation of large ferrofluid
droplets under the influence of a uniform magnetic field and gravity.
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However, till now, few have studied the deformation of ferrofluid droplets in a simple
shear flow under the influence of a uniform magnetic field. Recently, Jesus et al. [Jesus et al.,
2017] performed a three-dimensional numerical analysis on the droplet dynamics and field
induced deformation of a ferrofluid droplet in another Newtonian fluid. They investigated
the influence of the magnetic field on the time evolution of the droplet deformation for
low shear rate and found that the presence of the magnetic field causes the deformation a
longer time to reach a steady state. Their results suggest that at a fixed low shear rate, the
magnetic field takes control of the deformation and orientation of the droplet at a higher
magnetic bond number, Bo𝑚 . Further, they found that for Bo𝑚 ≈ O (1) and small Ca, the
droplet deformation in the vorticity direction can be of the same order as that occurring
in the shear plane. One advantage of using magnetic fields, when compared to electric
fields, is that magnetic fields can be applied at arbitrary directions with ease. However,
the existing investigations on magnetic control have primarily focused either on the field
direction perpendicular and/or parallel to the flow direction [Jesus et al., 2017, Liu et al.,
2011] or a droplet in a quiescent flow [Afkhami et al., 2010, Bacri et al., 1982, Ghaffari
et al., 2015, Korlie et al., 2008]. A thorough understanding of the deformation dynamics
of a ferrofluid droplet under both shear flows and magnetic fields is missing.
By using two-dimensional (2D) direct numerical simulations, this paper investigates
the dynamics and deformation of a ferrofluid droplet in a simple shear flow under a uniform
magnetic field that is focused in an arbitrary direction. For computational efficiency, we have
chosen to use 2D simulations in order to study a wide range of parameters (i.e., capillary
number, magnetic bond number, and field direction). Prior studies have shown that 2D
numerical simulations are able to qualitatively and correctly capture the characteristics of
droplet deformations in simple shear flows and droplet deformation under uniform magnetic
fields [Ansari et al., 2012, Shi et al., 2014, Van der Sman and Van der Graaf, 2008, Van
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Der Sman et al., 2003]. Our numerical simulation, built with a commercial FEM solver,
models the dynamic deformation of droplet interface by using the level set method and
couples the magnetic and flow fields.
The remainder of this paper is organized as follows: in Section 2, the mathematical
model and numerical method are described. In Section 3, we first present numerical results
obtained from droplet deformation in a simple shear flow only and droplet deformation under
a uniform magnetic field, and we validate our numerical model against existing theories.
We then examine the effect of the magnetic field on the droplet deformation and orientation
by varying the field direction, magnetic bond number, and capillary number. Furthermore,
by combining wall-bound simple shear flows and uniform magnetic fields, we demonstrate
a versatile control of lateral migration motions of the ferrofluid droplets by adjusting the
direction of the magnetic field. Finally, major findings are summarized in Section 4.

2. NUMERICAL SIMULATION METHOD
2.1. LEVEL SET METHOD
In our model, we have used the conservative level set method to track the dynamic
evolution of the interface between the droplet and suspending medium [Ansari et al., 2012,
Osher and Fedkiw, 2001]. The level set function 𝜙 is an auxiliary scalar function used to
represent the phases of the two fluids: In the droplet phase as 𝜙 = 1, and in the continuous
phase as 𝜙 = 0. The value of 𝜙 smoothly transits from 0 to 1 over the interface, and here
𝜙 = 0.5 is used to define the position of the interface. The level set function 𝜙 is advected
by the velocity field by [COMSOL, 2018, Olsson and Kreiss, 2005]:


∇𝜙
𝑑𝜙
+ u · ∇𝜙 = 𝛾∇ · 𝜖 ∇𝜙 − 𝜙(1 − 𝜙)
,
𝑑𝑡
|∇𝜙|

(1)
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where u, 𝛾, and 𝜖 denote the velocity field, the amount of reinitialization, and the thickness
of the interface, respectively. The terms on the left-hand side of the equation represent the
motion of the interface, while the terms on the right-hand side are required for numerical
stability. The parameter 𝜖 defines the thickness of the interface and is set to equal the largest
size of the mesh in the domain. The amount of stabilization is defined by the parameter 𝛾,
which needs to be carefully controlled for maintaining the thickness of the interface, and
the appropriate value of 𝛾 is the maximum magnitude of the velocity field. The level set
function 𝜙 can be used to find the unit normal to the interface n:

n=

∇𝜙
.
|∇𝜙|

(2)

With the level set method, the two immiscible fluids are treated as a single phase
flow, with material properties that vary according to the level set value. Here, a linear
average is used, and the density (𝜌), dynamic viscosity (𝜂), magnetic permeability (𝜇), and
magnetic susceptibility (𝜒) are related to 𝜙 via the following equations:

𝜌 = 𝜌𝑐 + (𝜌 𝑑 − 𝜌𝑐 )𝜙,

𝜂 = 𝜂𝑐 + (𝜂 𝑑 − 𝜂𝑐 )𝜙,

(3)

𝜇 = 𝜇𝑐 + (𝜇 𝑑 − 𝜇𝑐 )𝜙,

𝜒 = 𝜒𝑐 + ( 𝜒𝑑 − 𝜒𝑐 )𝜙,

(4)

where the subscripts 𝑐 and 𝑑 represent the continuous and droplet phase, respectively.

2.2. GOVERNING EQUATIONS
The motion of an incompressible, immiscible ferrofluid droplet in another incompressible, immiscible medium under the effect of a uniform magnetic field is governed by
the continuity and momentum equations:

∇ · u = 0,

(5)
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and



𝜕u
𝜌
+ u · ∇u = −∇𝑝 + ∇ · 𝝉 + F𝜎 + F𝑚 ,
𝜕𝑡

(6)

where 𝑝 denotes pressure, 𝝉 = [𝜂(∇u + (∇u)𝑇 )] denotes viscous stress, F𝜎 represents force
due to surface tension, and F𝑚 represents force due to the magnetic field.
The surface tension force F𝜎 is defined:

F𝜎 = ∇ · [𝜎{I + (−nn𝑇 )}𝛿],

(7)

where 𝜎 is the coefficient of surface tension, I is the second-order identity tensor, 𝛿 is the
Dirac delta function, and n is the unit normal to the interface that can be calculated using
equation (2). The Dirac delta function 𝛿 is approximated using the level set function as

𝛿 = 6|𝜙(1 − 𝜙)||∇𝜙|.

(8)

The magnetic force can be calculated as [Rosensweig, 1985]:

F𝑚 = ∇ · 𝝉 𝑚 = ∇ · (𝜇HH −

𝜇 2
𝐻 I),
2

(9)

where 𝝉 𝑚 is the magnetic stress tensor for the applied magnetic field, and 𝐻 2 = H·H = |H| 2 .
To calculate the magnetic stress tensor, the magneto-statics equations, including magnetic
induction B, magnetization M, and magnetic field H, are solved. Assuming linear and
homogeneous material properties, the magneto-static Maxwell equation relates B, H, and
M via the following relationships [Stratton, 2007]:

∇ · B = 0,

∇ × H = 0,

M = 𝜒H and B = 𝜇0 (H + M) = 𝜇0 (1 + 𝜒)H,

(10)
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where 𝜇0 = 4𝜋 × 10−7 N/A2 is the permeability of vacuum, and 𝜇 and 𝜒 depend on the
phase function 𝜙 according to Equation (4). A scalar potential 𝜓 can be defined, and its
gradient represents curl-free H (i.e., H = −∇𝜓). We can now write

∇ · (𝜇∇𝜓) = 0.

(11)

2.3. GOVERNING EQUATIONS IN NON-DIMENSIONAL FORM
We rewrite the governing equations to understand the main effects (in terms of
dimensionless groups) that control the droplet dynamics. We scale the length by the radius
1
of the initially undeformed droplet (𝑅0 ), and time by the inverse of shear rate , respectively.
𝛾¤
The other dimensionless variables are defined as follows:

𝑝∗ =

𝑝
𝜌
𝜂
𝜇
H
, 𝜌 ∗ = , 𝜂∗ = , 𝜇∗ = , H∗ =
,
𝜂 𝛾¤
𝜌𝑐
𝜂𝑐
𝜇0
𝐻0

where 𝐻0 is the magnitude of the externally applied magnetic field H0 . Therefore, the
governing equations (5) and (6) can be written as

∇∗ · u∗ = 0,

Re

𝐷u∗
𝜌∗ ∗
𝐷𝑡



= −∇∗ 𝑝 ∗ + ∇∗ · 𝜏 ∗ + 2

(12)
Bo𝑚 ∗ ∗
1 ∗
∇ · 𝝉𝑚 +
F .
Ca
Ca 𝜎

(13)

In the above equation, the superscript (∗) represents the nondimensional variables and Re,
Ca, and Bo𝑚 represent the Reynolds number, capillary number, and magnetic bond number
respectively, which are defined as follows:
𝜌𝑐 𝑅0 2 𝛾¤
Re =
,
𝜂𝑐

(14)

𝜂𝑐 𝑅0 𝛾¤
,
𝜎

(15)

Ca =
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Figure 1. Schematic illustration of a ferrofluid droplet suspended in another viscous fluid
in a simple shear flow under a uniform magnetic field, H0 .

and
Bo𝑚 =

𝑅0 𝜇 0 𝐻0 2
.
2𝜎

(16)

Other nondimensional groups, including the viscosity ratio 𝜆 and permeability ratio
𝜁 are defined as follows:
𝜆=

𝜂𝑑
,
𝜂𝑐

and

𝜁=

𝜇𝑑
.
𝜇0

(17)

Note that the ratio between Bo𝑚 and Ca is known as the Mason number, Mn. By restricting
to low Reynolds number flows (Re . 0.02), we will mainly concentrate on the effects of
Ca, Bo𝑚 , and the direction of the magnetic field on the deformation and orientation of the
droplet.

2.4. NUMERICAL MODEL
Figure 1 schematically depicts a ferrofluid droplet (with magnetic susceptibility
𝜒𝑑 = 1) suspended in another nonmagnetic (𝜒𝑐 = 0) viscous fluid medium in a simple shear
flow under the application of a uniform magnetic field, H0 . The height and width of the
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computational domain are 𝐻𝑑𝑜𝑚𝑎𝑖𝑛 = 𝑊𝑑𝑜𝑚𝑎𝑖𝑛 = 10𝑅0 , where 𝑅0 = 50 𝜇m is the radius of the
initially undeformed droplet. The viscosity and density of both the phases are considered
equal to each other (i.e., 𝜂𝑐 = 𝜂 𝑑 ) where the value of the viscosity was equal to 0.105 Pa· s.
The coefficient of surface tension is considered as 𝜎 = 0.0135 N/m.
Initially, the ferrofluid droplet was placed at the center of the computational domain.
¤ 𝑑𝑜𝑚𝑎𝑖𝑛 e𝑥 , and the bottom wall moves with
The top wall moves with a velocity u𝑡 = 21 𝛾𝐻
¤ 𝑑𝑜𝑚𝑎𝑖𝑛 e𝑥 , thus resulting in a simple shear flow with the constant
a velocity u𝑏 = − 21 𝛾𝐻
shear rate 𝛾.
¤ Periodic flow condition was applied to both the left and right walls in the 𝑥direction. A uniform magnetic field, H0 , was applied to the flow domain along an arbitrary
direction, which is denoted by angle 𝛼. The deformed droplet is characterized by the
largest and smallest dimensions, 𝐿 and 𝐵, along the major-axis and minor-axis respectively.
The orientation angle of the deformed droplet 𝜃 is defined as the angle measured in the
counterclockwise direction from the positive 𝑥-direction to the major axis of the droplet.

2.5. GRID INDEPENDENCE TEST
We carried out a grid independence test to determine optimal mesh sizes that give
accurate results while using less computational time. For this validation, the simulation
used different mesh sizes and compared the deformation of the ferrofluid droplet for each
case. The magnetic field was applied at 45◦ to the flow domain (𝛼 = 45◦ ). Table 1 gives
different mesh sizes for the grid independence test, and Figure 2 illustrates the deformation
parameter 𝐷 =

𝐿−𝐵
𝐿+𝐵

of the ferrofluid droplet against time for these respective mesh sizes.

We used free triangular elements for creating the mesh in the domain. It can be seen that
when there are greater than 26,536 elements in the flow field domain, then the results for
the ferrofluid droplet deformation tend to superimpose on each other. In the remainder of
this paper, we have used 42,616 elements for the flow field domain to perform numerical
simulations.
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Table 1. Different mesh sizes for grid independence test.
Mesh 1
Flow Field Domain 16000

Mesh 2
19888

Mesh 3
26536

Mesh 4
29008

Mesh 5
33392

Mesh 6
42616

Figure 2. Grid independence test: the time evolution of deformation parameter, 𝐷 of a
ferrofluid droplet with different mesh settings.

3. RESULTS AND DISCUSSIONS
3.1. VALIDATION OF NUMERICAL METHOD
3.1.1. Droplet in a Simple Shear Flow. We first validated our model by simulating
droplet deformation in a simple shear flow only, and compared the numerical results with
existing theories in terms of deformation parameter 𝐷 and orientation angle 𝜃. According
to Taylor [Taylor, 1932, 1934], the deformation parameter of a neutrally buoyant droplet
suspended in another viscous fluid under simple shear at Stokes flow limit can be calculated
as
𝐷=

𝐿 − 𝐵 19𝜂 𝑑 + 16𝜂𝑐
=
Ca,
𝐿 + 𝐵 16𝜂 𝑑 + 16𝜂𝑐

(18)

where the capillary number Ca is defined in Equation (15). Equation (18) is based on
the assumption of an unbounded simple shear flow and vanishing Reynolds number. In
numerical studies, however, the simple shear flow is achieved by moving two confining walls,
thus giving rise to the so-called confinement effect, which is characterized by confinement
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(a)

(b)

(c)

Figure 3. Droplet deformation in simple shear. (a) Outline of the droplet; (b) Comparison
of simulation results against Taylor’s theory [Taylor, 1932, 1934] and experimental results
of Vananroye et al. [Vananroye et al., 2007] , 𝐷 vs Ca; and (c) Comparison of simulation
results against the corrected Cerf’s theory [Cerf, 1951, Roscoe, 1967] and experimental
results of Vananroye et al. [Vananroye et al., 2007], 𝜃 vs Ca for 𝜆 = 0.3.

2𝑅0
. Kennedy [Kennedy et al., 1994] and Guido Guido and Villone [1998] reported
𝐻
2𝑅0
that the confinement effect is negligible on the deformation of the droplet when
< 0.4.
𝐻
2𝑅0
In our model,
= 0.2, and thus the confinement effect can be neglected.
𝐻
Figure 3(a) shows the equilibrium droplet shapes under different capillary numbers.
ratio

The deformation of the droplet increases with increasing Ca. Figure 3(b) represents the
comparison of the simulation results with Taylor’s theory and experimental results of
Vananroye et al. [Vananroye et al., 2007]. When Ca < 0.15, the simulation results and
Taylor’s theory agree very well with each other, although the experimental results slightly
overestimate the values at all capillary numbers compared to the theoretical results. But,
when the capillary number is large (Ca > 0.15), the difference between the numerical
simulations and the theoretical prediction increases. This discrepancy could be attributed
to the nature of two-dimensional simulation [Van der Sman and Van der Graaf, 2008].
Nevertheless, the numerical results are considered satisfactory since the errors are within a
few percent. For example, when the capillary number was equal to 0.233, the error between
the deformation of the ferrofluid droplet of the simulation results with respect to Taylor’s
theory was approximately 8%.
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We also evaluated the orientation angle of the droplet 𝜃 for the different cases and
compared our results with the corrected Cerf [Cerf, 1951, Roscoe, 1967] theory and the
experiments done by Vananroye et al. [Vananroye et al., 2007]. According to the theory, the
orientation angle in a simple shear flow is:

𝜃=

𝜋
3 + 2𝜆
−𝐷
.
4
5

(19)

In our numerical results, the orientation angle 𝜃 was found to be 43.537◦ and 35.424◦
when the capillary number was equal to 0.0388 and 0.2333, respectively. Figure 3(c)
shows the comparison of orientation angle 𝜃 for different capillary numbers, Ca between
simulation results, the corrected Cerf theory, and the experimental results, illustrating very
good agreement with each other.
3.1.2. Droplet Deformation under a Uniform Magnetic Field in a Quiescent
Flow. We further validated our model for the deformation of the ferrofluid droplet in a
quiescent fluid under a uniform magnetic field. For this purpose, we used the theory
provided by Afkhami et al. [Afkhami et al., 2010]. According to them, the magnetic bond
number Bo𝑚 is related to the deformation of a ferrofluid droplet by the following relationship:


1
Bo𝑚 =
+𝑘
𝜒
where

𝑏
𝑎

#
 2   31 "
  −2
𝑏
𝑏
𝑏
2 −
−1 ,
𝑎
𝑎
𝑎

is the aspect ratio of the droplet by assuming an ellipsoidal droplet (i.e.,

(20)
𝑏
𝑎

=

𝐿
𝐵 ),

and 𝑘 is the demagnetizing factor:
1 − 𝐸2
𝑘=
2𝐸 3





1+𝐸
ln
− 2𝐸 ,
1−𝐸

(21)

with 𝐸 being the eccentricity of the ferrofluid droplet, which is given by
r
𝐸=

1−

𝑎2
.
𝑏2

(22)
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(a)
(b)

(c)

Figure 4. Deformation of a ferrofluid droplet in a uniform magnetic field. (a) Equilibrium
shape of the droplet; and (b) comparison of deformation parameter, 𝐷 vs Bo𝑚 between
the numerical simulation and the Afkhami et al. theory [Afkhami et al., 2010]; and (c)
Comparison of simulation results against the Afkhami et al. theory [Afkhami et al., 2010]
and experimental results[Afkhami et al., 2010] for low magnetic field data with 𝜒 = 0.89.

We determined the deformation of the droplet for different magnetic bond numbers
from the numerical simulations. For this case, we applied the magnetic field along the 𝑦-axis
(i.e., 𝛼 = 90◦ ). Figure 4(a) indicates that with the increase in magnetic field strengths, the
droplet is elongated more along the direction of magnetic field, and its steady-state shapes
are approximately elliptical for Bo𝑚 up to 10. Moreover, it can be seen from the Figure
4(b) that the simulation results agree well with the theory of Afkhami et al. for Bo𝑚 ≤ 7.
As the magnetic bond number Bo𝑚 increases (i.e., Bo𝑚 ≈ 10), the deformation of the
droplet from our numerical simulation deviates more from the theoretical prediction. Even
so, the difference between the numerical results and the theoretical prediction is within a
few percent. For example, when the magnetic bond number Bo𝑚 was equal to 9.83, the
error for the ferrofluid droplet deformation parameter 𝐷 between the simulation results
and theory derived by Afkhami et al. was approximately 5%. One of the reasons behind
this discrepancy could be that the theory is based on an axis-symmetric droplet, while we
consider a two-dimensional droplet in the numerical simulation. We also compared our
numerical results against the theory and experiments done by Afkhami et al. [Afkhami et al.,
2010] for low magnetic field data. Figure 4(c) shows that our simulation results are consistent
with both theoretical results and the experimental results, except at a magnetic bond number
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(a)

(b)

Figure 5. Effect of a perpendicular magnetic field on the deformation of a ferrofluid droplet
in a simple shear flow. (a) Deformation parameter 𝐷 as a function of time; (b) Outline of
the droplet shape at a steady state.

Bo𝑚 > 2. The difference in the theoretical and simulation results with the experimental
results at a magnetic bond number Bo𝑚 > 2 could be due to the three dimensional nature of
the experiments. Nevertheless, the results show that our two-dimensional model is capable
of quantitatively predicting the behavior of three-dimensional droplets and will substantially
reduce computational time and allow us to investigate a wide range of parameter space.

3.2. DROPLET IN SIMPLE SHEAR FLOW WITH MAGNETIC FIELD PERPENDICULAR TO THE FLOW
When a magnetic field is applied to a ferrofluid droplet suspended in a simple shear
flow, the droplet deforms due to the combined effects of the magnetic and flow fields. In
this section, we first investigate the case where the magnetic field is perpendicular to the
flow direction (i.e., 𝛼 = 90◦ ) and has a field strength of 𝐻 = 2.5 × 104 A/m. Two different
shear rates, 𝛾¤ = 50𝑠−1 and 600𝑠−1 , are used in order to assess the effect of the magnetic
field for different capillary numbers.
Figure 5 represents the effect of the magnetic field in a simple shear flow on
the deformation of the ferrofluid droplet. First, the droplet takes a longer time to reach
equilibrium shapes, consistent with previous findings [Jesus et al., 2017]. Second, the
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(a)

(b)

Figure 6. Comparison of simulation results against the theory given by Jesus et al. [Jesus
et al., 2017] of droplet deformation when 𝛼 = 90◦ . (a) 𝐷 vs Bo𝑚 at Ca = 0.0194; and (b)
𝐷 vs Bo𝑚 at Ca = 0.2333.

presence of the magnetic field tends to increase the droplet deformation, as seen in Figure
5(b). When Ca = 0.0194, the deformation parameter of the ferrofluid droplet 𝐷 under
the magnetic field was found to be equal to 0.0988, which was approximately 5 times that
of the deformation without a magnetic field. On the other hand, when Ca = 0.2333, the
deformation 𝐷 was found to be 0.2690, which was approximately 1.2 times greater than
the shear flow without the magnetic field. The reason behind this comparatively small
increase in deformation at a large capillary number is the decrease in the Mason number,
Mn = Bo𝑚 /Ca. The magnetic field is more dominant than the shear flow for small capillary
numbers.
We also compared the deformation of the droplet with an asymptotic theory derived
by Jesus et al. [Jesus et al., 2017]. According to them, the deformation parameter of a
ferrofluid droplet in a shear flow in the presence of a perpendicular magnetic field is given
by
p
𝐷=

[𝛼(𝜆)Ca] 2 + [𝛽( 𝜒𝑑 )Bo𝑚 ] 2
2 + 31 𝛽( 𝜒𝑑 )Bo𝑚

,

(23)
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(a)

(b)

Figure 7. Velocity field and magnetic field at a steady state. (a) Ca = 0.0194, Re = 0.0015,
Bo𝑚 = 1.4549, 𝛼 = 90◦ ; and (b) Ca = 0.2333, Re = 0.018, Bo𝑚 = 1.4549, 𝛼 = 90◦ .

where 𝛼(𝜆) and 𝛽( 𝜒𝑑 ) are functions of the viscosity ratio (𝜆), and the magnetic susceptibility
(𝜒𝑑 ) of the droplet which can be written as follows:
19𝜆 + 16
,
8(𝜆 + 1)
3𝜒𝑑 (2𝜒𝑑 + 1)
.
𝛽( 𝜒𝑑 ) =
4( 𝜒𝑑 + 3) 2
𝛼(𝜆) =

(24)
(25)

Figure 6 shows a comparison of the droplet deformation between our numerical simulations
and the asymptotic theory. It can be seen from Figure 6(a) that for a small capillary number
(Ca = 0.0194), the simulation results and the theory given by Jesus et al. agree very well
with each other. For the large capillary number (Ca = 0.2333), the two results show a large
discrepancy with each other. This is because the theory derived by Jesus et al. is valid for
small capillary numbers and low magnetic field strengths [Jesus et al., 2017].
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(b)

(a)

Figure 8. Effect of the magnetic field at arbitrary directions on the deformation and
orientation of the droplet for Ca = 0.0194, Re = 0.0015. (a) Deformation parameter 𝐷
versus 𝛼; (b) Orientation angle 𝜃 versus Bo𝑚 .

Figure 7 presents the velocity field and magnetic field at a steady state for Ca =
0.0194, Re = 0.0015 and Ca = 0.2333, Re = 0.018 at Bo𝑚 = 1.4549. There is circulation
inside the droplet due to the surrounding flow on the outside of the ferrofluid droplet. The
arrow in the velocity field plot denotes the direction of the velocity in the flow domain. The
droplet experiences maximum shear stress and vorticity on the poles of the droplet. From
the magnetic field plots, it is clear that the magnetic field is uniform both inside and outside
of the droplet. The magnetic field lines are parallel to each other outside the droplet, while
these lines are slightly deflected along the interface of the droplet. The droplet experiences
maximum magnetic field strength at the interface along the poles of the droplet, while
the magnetic field strength is least in magnitude along the equator of the droplet. These
characteristics occur because the magnetic field is applied perpendicular to the flow domain
(𝛼 = 90◦ ), which further causes the largest ferrofluid droplet deformation along the poles
of the droplet. Also, when the capillary number is low (Ca = 0.0194), the magnetic field
takes control of the deformation of the droplet. As a result, the droplet tends to orient itself
along the direction of the applied magnetic field.
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3.3. EFFECT OF THE MAGNETIC FIELD AT ARBITRARY DIRECTIONS AT A
LOW SHEAR RATE (Ca ≈ 0.02)
We now apply the magnetic field at different directions relative to the flow direction
(varying 𝛼 = 0◦ to 𝛼 = 180◦ ) and examine its effects on the deformation and orientation
angle of the droplet under a small shear condition (Ca = 0.0194). In the simulation,
𝛼 is varied from 0 to 180◦ at an increment of 15◦ . However, for better illustration, we
chose to present representative 𝛼 to discuss the effect of the magnetic field on the droplet
deformation and orientation. In Figure 8(a), we can see that at a lower magnetic field
strength (Bo𝑚 = 0.0093), the deformation of the droplet seems the same no matter which
direction we apply the magnetic field to the flow domain, since in this case the shear flow is
dominant and it alone determines the deformation of the droplet. As we start increasing the
magnetic field strength, the deformation profile of the droplet starts to change. In each case,
the deformation goes on increasing and attains the maximum value when 𝛼 = 45◦ . This
happens since the shear flow also tends to deform the droplet along 45◦ , and in this case, the
magnetic field additionally aids the droplet to deform more along the same direction. The
droplet deformation then starts decreasing as 𝛼 goes on increasing and attains the minimum
value at 𝛼 = 135◦ . This happens because we are trying to apply the magnetic field along the
direction opposite to the favorable direction of the shear flow and at 𝛼 = 135◦ , the magnetic
field direction becomes exactly opposite to the shear flow. This is why the deformation
gains minimum value at this point. This is true for every case as we go on increasing the
magnetic field strength up to Bo𝑚 = 5.8194. The deformation 𝐷 increases with increasing
magnetic field strength no matter the direction along which we apply the magnetic field
which is due to the dominant nature of the magnetic field at a low shear rate (the Mason
number, Mn, increases as we increase the magnetic field strength).
Figure 8(b) gives a clear illustration on the orientation of the droplet for different
conditions. For a fixed 𝛼, the orientation of the droplet decreases as we go on increasing
the magnetic field strength up to 𝛼 = 45◦ . This is because when the shear rate is low, as
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the magnetic field strength goes on increasing, the droplet tends to align itself along the
direction of the magnetic field direction. Therefore, the resultant between the direction
of the shear flow and the direction of the magnetic field decreases (i.e., the orientation
angle (𝜃) of the droplet decreases). At 𝛼 = 45◦ the orientation angle 𝜃 reaches a saturation
point, and at this point the orientation of the droplet is independent of the strength of the
magnetic field. After that, as 𝛼 increases up to 135◦ , the orientation angle 𝜃 of the droplet
starts increasing with the increase of the magnetic field strength. The reason is due to the
dominant nature of the magnetic field as a result of which the resultant between the shear
flow direction and the magnetic field direction increases (i.e. the orientation angle (𝜃) of
the droplet increases). At 𝛼 = 135◦ , the orientation angle reaches a saturation point again.
Figure 9 represents the velocity field and the magnetic field strength at a steady state for
Ca = 0.0194, Re = 0.0015, and Bo𝑚 = 1.4549 respectively for different values of 𝛼. These
profiles give us a clear visualization about the deformation and orientation of the droplet.
At 𝛼 = 45◦ , the magnetic field lines are trying to deform the droplet in the same direction
as the shear flow direction (i.e., Deformation 𝐷 becomes maximum), while at 𝛼 = 135◦ ,
the magnetic field lines are in the opposite direction of the shear flow direction, as a result
of which the deformation of the droplet 𝐷 attains a minimum value at this point.

3.4. EFFECT OF THE MAGNETIC FIELD AT ARBITRARY DIRECTIONS AT A
HIGH SHEAR RATE (Ca ≈ 0.25)
Figure 10 represents the effect of the magnetic field at arbitrary directions on the
deformation and orientation of the droplet when Ca = 0.2333 and Re = 0.018. In this case,
𝛼 was varied from 0◦ and 180◦ . From Figure 10(a), it can be seen that at a lower magnetic
field strength (Bo𝑚 = 0.0093), the deformation remains more or less the same regardless of
the direction of the magnetic field, because in this case the shear flow alone takes control
of the deformation and orientation of the droplet. The magnetic field has more significant
influence on the ferrofluid droplet as the magnetic field strength increases (i.e., increasing
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(a)

(b)

(c)

(d)

Figure 9. Velocity field and magnetic field at a steady state for Ca = 0.0194, Re = 0.0015
and Bo𝑚 = 1.4549. (a) 𝛼 = 0◦ ; (b) 𝛼 = 45◦ ; (c) 𝛼 = 90◦ ; and (d) 𝛼 = 135◦ .

(a)

(b)

Figure 10. Effect of the magnetic field at arbitrary directions on the deformation and
orientation of the droplet for Ca = 0.2333, Re = 0.018. (a) Deformation 𝐷 vs 𝛼; (b)
Orientation 𝜃 vs Bo𝑚 .
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Bo𝑚 ). At a fixed Bo𝑚 , the deformation of the droplet increases and reaches a maximum
value at 𝛼 = 45◦ , then decreases to a minimum value at 𝛼 = 135◦ . Such a variation
could be explained by considering the “superposition" effects between the deformation due
to the shear flow and deformation due to the magnetic field. Without a magnetic field,
the shear flow always tends to elongate the droplet along (or nearly) 45◦ . On the other
hand, the magnetic field always elongates the droplet along the the field direction 𝛼. As
a consequence, when 𝛼 = 45◦ , the two effects coincide, yielding the largest deformation,
while at 𝛼 = 135◦ , the two effects will counteract with each other, thus producing the
smallest deformation.
Figure 10(b) shows the orientation of the droplet for different cases. From Figure
10(b), we can see that for 𝛼 ∈ (5◦ , 45◦ ) and at a fixed 𝛼, the orientation angle (𝜃) of the
droplet decreases with an increasing magnetic bond number, Bo𝑚 . This is because with
increasing magnetic field strength, the magnetic field forces the droplet to align towards
the direction of the magnetic field and therefore the resultant orientation of the droplet is
decreasing due to the effect of both the magnetic field and the shear flow. Comparing these
results to our low shear rate results, we can see that the orientation angle values in this case
vary in a smaller range (from 10◦ to 50◦ ) for the same range of magnetic bond numbers than
the values at small capillary numbers (see Figure 8). This is because the shear flow has a
significant effect on the orientation of the droplet at a high capillary number. At 𝛼 = 45◦ ,
the orientation angle is predominantly determined by the shear flow alone and has a value
close to 𝜃 ≈ 30◦ (similar to Figure 3(c)). As 𝛼 approaches 90◦ , the orientation angle (𝜃) of
the droplet increases with increasing Bo𝑚 , which can be explained by the “superposition"
effect of both the magnetic field and the shear flow. At 𝛼 = 135◦ , the orientation angle
of the droplet seems to reach a constant value and attains similar values as 𝛼 = 45◦ up to
magnetic bond number, Bo𝑚 = 2.8515. The slight discrepancy in the values could be due
to the effect of the magnetic field strength at an opposite direction to the shear flow. But
when we apply a very large magnetic field (Bo𝑚 > 2.8515) at 𝛼 = 135◦ , a sudden jump
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in the orientation angle values was observed. For example, at a magnetic bond number
Bo𝑚 = 3.7244, the orientation angle of the droplet 𝜃 was found to be approximately 83◦ .
The reason for this sudden change in orientation angle can be attributed to the fact that the
shear flow is trying to orient the droplet along 30◦ (Figure 3(c)), while the magnetic field
effect on the orientation of the droplet acts along 135◦ . As the magnetic field strength gets
stronger, its effect on the orientation of the droplet becomes more dominant than the shear
flow effect, resulting in a sudden jump in the orientation angle values. As a result, the
orientation angle value of the droplet was found to be closer to 135◦ than 30◦ at magnetic
bond number Bo𝑚 = 5.8194. Additionally, since the deformation of the droplet is also
related to the orientation angle, the deformation of the droplet at magnetic bond number
Bo𝑚 = 5.8194 shows different behavior than the deformation values at other magnetic bond
numbers at 𝛼 = 135◦ , although it reaches a minimum value at that point. Figure 11 shows
the corresponding velocity field and magnetic field for different values of 𝛼. It is seen that
at 𝛼 = 45◦ , the magnetic field lines tend to deform the droplet in the same direction as the
shear flow. On the other hand, at 𝛼 = 135◦ the magnetic field lines are acting in an opposite
direction to the shear flow, and as a result the deformation of the droplet becomes minimum
at this point. Also, due to the counter-effect of the magnetic field with the flow field, the
shape of the droplet becomes more rounded than elliptical in this case.

3.5. LATERAL MIGRATION OF FERROFLUID DROPLETS IN SHEAR FLOWS
In this section, we demonstrate the feasibility of controlling the lateral migration
of ferrofluid droplets in the combined flow and magnetic fields. Recent studies have
demonstrated a novel way to manipulate nonspherical rigid particles by combining a uniform
magnetic field and shear flows at the microscale [Matsunaga et al., 2017, Zhou et al.,
2017a,b]. Although uniform fields exert no forces, a nonzero magnetic torque alters the
particle’s rotational dynamics and influences the lateral migration of the particle via particlewall hydrodynamic interactions. Unlike rigid particles, deformable droplets do not rotate,
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(c)

(d)

Figure 11. Velocity field and magnetic field strength at a steady state for Ca = 0.2333,
Re = 0.018 and Bo𝑚 = 1.4549. (a) 𝛼 = 0◦ ; (b) 𝛼 = 45◦ ; (c) 𝛼 = 90◦ ; (d) 𝛼 = 135◦ .

but assume a deformed shape at an inclination angle, as seen in the previous sections. It
is expected that a uniform magnetic field can effectively control the orientation angle in a
similar way as for rigid particles and can influence the lateral migration.
To investigate the lateral migration behaviors, we consider the motion of the neutrally
buoyant ferrofluid droplet between two plane walls with the bottom wall being fixed and
the top wall moving at constant velocity, yielding a constant shear rate of 50 s−1 . To reduce
the entrance effect, the droplet is placed far away from the left boundary, with a vertical
position 𝑦 = 100 𝜇m below the center of the flow domain. Periodic flow condition is applied
to both the left and right boundaries. Keeping all other parameters and properties of the
droplet and continuous phases fixed, the effect of different magnetic field strengths at two
different directions, 45◦ and 135◦ , on the lateral migration of the droplet is studied.
Figure 12 shows the effect of different magnetic field strengths on the lateral migration of the droplet at a low capillary number (i.e., Ca = 0.0194). The corresponding droplet
shape at different magnetic field strengths are plotted next to each case. Without a magnetic
field, the droplet migrates away from the bottom wall, consistent with existing theories in
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(a)

(b)

Figure 12. Effect of different magnetic field strengths on the lateral migration of the droplet
at Ca = 0.0194. (a) 𝑌𝑑 vs time at 𝛼 = 45◦ ; (b) 𝑌𝑑 vs time at 𝛼 = 135◦ .

the literature. With a magnetic field applied, Figure 12(a) shows that when 𝛼 = 45◦ , the
ferrofluid droplet laterally migrates faster towards the center with increasing magnetic field
strengths, while at 𝛼 = 135◦ (Figure 12(b)), the droplet migrates faster towards the bottom
wall. Also, at 𝛼 = 45◦ the magnitude of the migration velocity of the droplet is found to
be greater than at 𝛼 = 135◦ for the same magnetic bond number. For example, when the
magnetic bond number Bo𝑚 was equal to 2.8515, the migration velocity of the droplet is
found to be 126.92 𝜇m/s and 74.97 𝜇m/s at 𝛼 = 45◦ and 135◦ , respectively. These different
lateral migration behaviors of the droplet are related to the orientation and deformation
of the droplet and the hydrodynamic interactions between the droplet and wall [Hiller and
Kowalewski, 1986] and will be investigated in future work.
Furthermore, we experimentally demonstrate that the uniform magnetic field can
control the lateral migration of ferrofluid droplets in a microchannel, which is in qualitative
agreement with our numerical results. In our experiment, a microfluidic chip was fabricated
with polydimethylsiloxane (PDMS) using soft-lithography method [McDonald et al., 2000,
Zhou and Wang, 2015]. The main microchannel had a width of 300 𝜇m and a depth of 70
𝜇m, and a total legth of about 14,000 𝜇m. A uniform magnetic field was generated by a
Halbach array [Raich and Blümler, 2004], which consisted of 20 cuboid permanent 0.25” ×
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Figure 13. Images at the inlet and outlet, and the corresponding probability density function
(PDF) of the ferrofluid droplet centroid in the 𝑦 direction. (a1)-(a3) without applied magnetic
field(H = 0 A/m); (b1)-(b3) a magnetic field (H ≈ 60,000 A/m) is applied at 𝛼 = 45◦ ; (c1)(c3) a magnetic field (H ≈ 60,000 A/m) is applied at 𝛼 = 135◦ . The total flow rate was 6
𝜇L/min for all experiments.

0.25” × 1” magnets (K&J Magnetics, Inc.). The magnitude of the magnetic field within the
central region was H ≈ 60,000 A/m measured by a gaussmeter. The EMG 304 ferrofluid
(Ferrotec Corp.) work as the dispersed phase generated by a T-junction configuration and the
olive oil works as the continuous phase and buffer flow. The density, viscosity and magnetic
susceptibility of ferrofluids are 1.24×103 kg/m3 , 5 ×10−3 Pa·s and 5.03, respectively. The
density, viscosity and magnetic susceptibility of olive oil are 0.92×103 kg/m3 , 78 ×10−3
Pa·s and 0, respectively. The total flow rate was 6 𝜇L/min for all experiments, so the
corresponding Reynolds number is 0.23. The 0.25% SPAN 80 (Sigma-Aldrich, USA) is
added to olive oil to decrease interfacial tension between the olive oil and ferrofluid and
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thus increase the droplet deformability. The interfacial tension after adding 0.25% SPAN
80 is measured as (10.26±0.81) mN/m using the pendant droplet method (KRUSS GmbH,
USA).
Figure 13 shows the images and the probability distributions of the droplet centroid
in the 𝑦 direction. The average radius of droplet is 34.98 𝜇m, so Reynolds number, capillary
number and magnetic bond number of droplet is 6.18×10−4 , 0.0084 and 7.72, respectively.
As can be seen in Figure 13(a1)-(a3), there is a little deformation of the droplet and a
net lateral migration in 𝑦 direction. The nonlinear velocity profile is the reason for the
deformation. The inertial effect is the major reason for the net lateral migration. When
the magnetic field is applied at 𝛼 = 45◦ as shown in Figure 13(b1)-(b3), the droplet tend
to deform in the direction of magnetic field and the degree of deformation becomes larger.
The net lateral migration in 𝑦 direction becomes larger compared to the result without
magnetic field. When the magnetic field is applied at 𝛼 = 135◦ as shown in Figure 13(c1)(c3), the similar results for the direction and degree of droplet deformation, the net lateral
migration in 𝑦 direction becomes smaller compared to the result without magnetic field.
The separation of magnetic droplets from non-magnetic droplets can be achieved based on
this different lateral migration behaviors.

4. CONCLUSION
The influence of the magnetic field on the droplet deformation and orientation angle
based on arbitrary field direction, magnetic bond number, and capillary number in a simple
shear flow is systematically studied in this paper. At a small capillary number (Ca ≈ 0.02),
the magnetic field plays a significant role and dictates the deformation and orientation of
the droplet. Also, as we increase the magnetic field strength at a fixed magnetic field
direction 𝛼, the deformation of the droplet increases; whereas at a fixed magnetic bond
number Bo𝑚 , the orientation angle of the droplet increases with increasing 𝛼. At a large
capillary number (Ca ≈ 0.25), the deformation and orientation of the droplet is determined
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by both the shear flow and the magnetic field. In particular, the effect of the magnetic
field is substantially observed at a higher magnetic bond number, Bo𝑚 . At a fixed 𝛼 with
increasing magnetic field strength, the deformation of the droplet increases up to 𝛼 = 90◦
and decreases at 𝛼 = 135◦ , whereas the orientation angle of the droplet at a fixed Bo𝑚
increases with increasing 𝛼 up to 90◦ . At 𝛼 = 135◦ , it attains similar values as 𝛼 = 45◦
except at large magnetic bond numbers (i.e., Bo𝑚 > 2.8515). The orientation angle values
are much lower in this case compared to a low shear rate due to the dominant nature of the
shear flow. In both cases, the deformation of the droplet attains a maximum value at 𝛼 = 45◦
and becomes minimum at 𝛼 = 135◦ . Additionally, the flow field both inside and outside
of the droplet are modified according to the deformation and orientation of the droplet.
We also investigated the lateral migration of the ferrofluid droplet in wall-bounded shear
flows in the presence of a magnetic field, both numerically and experimentally, and found
that at 𝛼 = 45◦ , the droplet migrates towards the center of the domain, while at 𝛼 = 135◦ ,
the droplet migrates towards the wall. The magnitude of the migration velocity was also
found to increase with increasing magnetic field strength. The different lateral migration
behaviors of the droplet provide a simple but an effective way to separate ferrofluid droplets
from nonmagnetic droplets at microscale.
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ABSTRACT
The breakup phenomenon of a ferrofluid droplet in a simple shear flow under a
uniform magnetic field is numerically investigated in this paper. The numerical simulation,
based on the finite element method, uses a level set method to capture the dynamic evolution
of the droplet interface between the two phases. Focusing on small Reynolds numbers (i.e.,
Re ≤ 0.03), systematic numerical simulations are carried out to analyze the effects of
magnetic field strength, direction, and viscosity ratio on the breakup phenomenon of the
ferrofluid droplet. The results suggest that applying a magnetic field along 𝛼 = 45◦ and
90◦ relative to the flow direction initiates breakup in a ferrofluid droplet at a low capillary
number in the Stokes flow regime, where the droplet usually does not break up in a shear
flow alone. At 𝛼 = 0◦ and 135◦ , the magnetic field suppresses breakup. Also, there exists
a critical magnetic bond number, Bo𝑐𝑟 , below which the droplet does not rupture, which
is also dependent on the direction of the magnetic field. Additionally, the effect of the
viscosity ratio on the droplet breakup is examined at variable magnetic bond numbers.
The results indicate a decrease in the critical magnetic bond number Bo𝑐𝑟 values for more
viscous droplets. Furthermore, more satellite droplets are observed at 𝛼 = 45◦ compared
to 𝛼 = 90◦ , not only at higher magnetic field strengths but also at larger viscosity ratios.
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1. INTRODUCTION
Droplet dispersion in another immiscible liquid is commonly experienced in a
number of industrial applications that deal with cosmetics, food processing [McClements,
2015], pharmaceutical design [Nielloud, 2000], and polymer processing [Garstecki et al.,
2005, Han, 2012, Larson, 1999]. Most of these applications utilize highly concentrated
emulsions, where the morphology of the dispersed phase component plays a crucial role
in determining the physical and rheological properties of the emulsions. Consequently,
these drop sizes become a key to the design of processing equipment for a certain emulsion
properties and conditions, which is often complicated by the interplay between the flow field
and fluid components behavior [Loewenberg and Hinch, 1996, Vananroye et al., 2006b].
When a droplet is subjected to shear flows, it deforms. Moreover, if the flow field
exceeds a specific critical value, the droplet ruptures and gives rise to daughter droplets
via a process called “elongative end pinching", which also reduces the mean size of the
droplets [Bentley and Leal, 1986]. Smaller sized droplets, having a larger total interfacial
area, produce more stable emulsions and are considered as a fundamental scaling parameter
for a number of mass transfer and chemical reactions [Jansen et al., 2001]. In the existing
literature [Debruĳn, 1991], three different droplet breakup mechanisms (i.e., binary breakup,
capillary breakup, and tipstreaming) are studied, but in this study we will restrict ourselves
to binary breakup in a simple shear flow.
In binary breakup, the behavior of an isolated drop is mainly governed by two
dimensionless numbers: The first one is known as the Capillary number Ca, which denotes
the competition between two forces: the viscous shear stress of the continuous phase 𝜂𝑐 𝛾,
¤
which causes deformation, and the Laplace pressure 𝜎/𝑅0 , which resists deformation, where
𝜂𝑐 , 𝛾,
¤ 𝜎, and 𝑅0 represent the continuous phase viscosity, shear rate, interfacial tension, and
initial radius of the droplet, respectively. The second one is the viscosity ratio 𝜆 = 𝜂 𝑑 /𝜂𝑐 ,
where 𝜂 𝑑 denotes the viscosity of the droplet phase. There exists a critical capillary number,
Ca𝑐𝑟 , above which the droplet ruptures, and from the experimental analysis of Grace [Grace,
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1982] it is realized that this critical capillary number is strongly dependent on the viscosity
ratio (i.e., Ca𝑐𝑟 = 𝑓 (𝜆)). The results show that an isolated droplet experiences rotational
motion in a simple shear flow, which eventually prevents the droplet from breakup at a
higher viscosity ratio (i.e., 𝜆 = 3.8). Rumscheidt et al. [Rumscheidt and Mason, 1961] also
found that at 𝜆 > 4, the droplet initially tumbles and eventually turns into an ellipsoidal
shape, aligned with the flow direction.
Following the pioneering work of Taylor [Taylor, 1932, 1934], several numerical and
theoretical investigations have been conducted to analyze droplet breakup in emulsification
and mixing [Feigl et al., 2016, Fu et al., 2017, Mason and Bibette, 1997, Scarbolo et al., 2015,
Stone, 1994]. Li et al. [Li et al., 2000] performed a numerical simulation on the breakup
mechanism of a viscous droplet in a simple shear flow and found that it is possible to induce
droplet breakup at a low capillary number in Stokes flow with an increased Reynolds number.
Debruĳn [Debruĳn, 1991] built a Couette device with an aim to investigate the breakup
phenomena of non-Newtonian droplets in a quasi-steady simple shear flow. Barthes-Biesel
et al. [Barthes-Biesel and Acrivos, 1973] studied the breakup conditions of a liquid droplet
freely suspended in a linear shear field and observed that the droplet yields a burst criterion
for 𝜆 ranging between 0.1 and 3.6. De Menech [De Menech, 2006] numerically examined
droplet breakup in a three dimensional T-shaped junction and observed that the critical
capillary number at which the droplet experiences breakup, is related to the viscosity ratio.
Also, a two-dimensional numerical study on droplet deformation and breakup has been
performed by Van der Sman and Van der Graaf [Van der Sman and Van der Graaf, 2008]
using Lattice Boltzmann model.
In experimental analyses, breakup of a solitary drop is usually investigated either
by direct observation of a droplet in a flow field or by observing the change in droplet size
distribution. Sibilo et al. [Sibillo et al., 2004] studied the effect of matrix elasticity on the
breakup of an isolated Newtonian drop in a shear flow and concluded that matrix elasticity
hinders breakup in a droplet. Vananroye et al. [Vananroye et al., 2006a] conducted experi-
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ments on droplet breakup in sheared emulsions and found that even at 𝜆 > 4, it is possible to
induce breakup in droplets by applying a shear field to a larger confinement. Furthermore,
an experimental study on the droplet formation and breakup in a microfluidic T-junction
has been done by Garstecki et al. [Garstecki et al., 2006] and Leshansky et al. [Leshansky
and Pismen, 2009].
In addition to hydrodynamic forces, external force fields (i.e., electric or magnetic
fields) can also manipulate the overall rheology of the droplets [Jackson et al., 2017, Sherwood, 1988]. Taylor [Taylor, 1964] performed both theoretical and experimental investigation on the disintegration of water droplets in an electric field, while Collins et al. [Collins
et al., 2008] performed simulations and experiments to investigate the mechanisms of cone
formation, jet emission, and breakup of charged drops under the presence of an electric
field. Also, the deformation and breakup of aqueous drops under large electric fields have
been experimentally investigated by Eow et al. [Eow and Ghadiri, 2003], which shows that
initial drop sizes greatly influence the magnitude of the electric field strength for the onset
of droplet stability. Interestingly, instead of using electric and magnetic fields as an external
means of manipulation, an alternative algorithm approach based on logic operations has
been adopted to control droplets in a parallel manner by Katsikis et al. [Katsikis et al.,
2015]. Moreover, an excellent experimental study on the manipulation of droplets under
electric fields in microfluidic devices has been performed by Link et al. [Link et al., 2006].
Magnetic field can also be used to manipulate the shape of a droplet [Ahmed et al.,
2018]; however, magnetic manipulation requires either the droplet or continuous phase to
be a ferrofluid — a dispersion of magnetic nanoparticles (diameter typically around 10 nm
and volume fraction about 5%). Due to the presence of magnetic properties, additional
Maxwell stresses occur at the fluid-fluid interface in addition to the hydrodynamic stresses.
Ferrofluid droplets involved in multiphase flows have notable biomedical applications in the
treatment of retinal detachment [Mefford et al., 2007], and the ease of both integration and
flexibility of operation render a magnetic field as a popular means of droplet manipulation
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in microfluidic devices. Banarjee et al. [Banerjee et al., 1999] investigated the behavior of
confined ferrofluid droplets under weak magnetic fields, applied in a direction parallel to
the direction of the computational domain. Varma et al. [Varma et al., 2016] experimentally
studied the merging of ferrofluid droplets under uniform magnetic fields on a Lab-on-aChip platform, and also developed a micro-magnetofluidics numerical model to explain
the ferrofluid droplets behavior in both uniform and hybrid magnetic fields [Varma, 2017].
Also, an investigation on the manipulation of ferrofluid droplets by a permanent magnetic
field has been carried out by Ray et al. [Ray et al., 2017]. Moreover, a thorough analysis on
the controlled deformation and orientation of a ferrofluid droplet in a simple shear flow by
means of an uniform magnetic field is presented in our recent work [Hassan et al., 2018].
However, the existing studies in the literature are mainly focused on the breakup of
droplets in external flow conditions [Acrivos, 1983, Grace, 1982, Rallison, 1984]. Recently,
Cunha et al. [Cunha et al., 2018] numerically studied magnetic field induced droplet breakup
in shear flows at a higher Reynolds number (i.e., Re = 1). Their results suggest that when
a magnetic field acts in a direction parallel to the direction of the flow field, it delays the
breakup process and reduces the size of the satellite droplets. Instead, if the magnetic field
is applied in a direction perpendicular to the flow direction, the droplet breakup can be
induced, delayed or even prevented through some adjustments in magnetic field intensities.
But until now, as per our knowledge, no one has ever studied the breakup mechanism
of a droplet in a Stokes flow at low capillary numbers (where droplet usually does not
breakup) under the effect of magnetic fields, which is more applicable to a range of different
microfluidics applications [Guo et al., 2012, Rosenfeld et al., 2014, Squires and Quake,
2005, Stone et al., 2004, Tice et al., 2004]. Also, a comprehensive study on the effect of
viscosity ratio on droplet breakup in shear flows under a uniform magnetic field is missing
in the literature. Therefore, in this paper, we focus on investigating the effect of a uniform
magnetic field on the droplet breakup phenomenon at Stokes flow limit in a simple shear
flow along some specific directions. Here, a two-dimensional (2D) simulation model is
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Table 1. Properties of fluid phases.
Parameter
Density of droplet phase
Viscosity of droplet phase
Interfacial tension

Symbol
𝜌𝑑
𝜂𝑑
𝜎

Value
1260
0.105
0.0135

Unit
kg/m3
Pa·s
N/m

chosen in order to study a wide range of parameters, including magnetic field strength,
direction, and viscosity ratio. Prior studies show that 2D numerical models are capable of
qualitatively and correctly capturing the deformation of a ferrofluid droplet under a uniform
magnetic field with great computational efficiency [Hassan et al., 2018, Shi et al., 2014].
Our numerical model, based on a commercial FEM solver, is implemented to model the
droplet interface by using the level set method and coupling the magnetic and flow fields.
The rest of the paper is categorized as follows: the numerical model is described in
Sec. 2. In Sec. 3, we present the numerical and mathematical methods that are required to
solve our computational model. In Sec. 4, we first validate our results against the existing
theories in literature and then examine the effect of magnetic field strength and viscosity
ratio on the droplet breakup phenomenon at different magnetic field directions. Finally, the
major findings are summed up in Sec. 5.

2. NUMERICAL MODEL
Figure 1 depicts the motion of a viscous, neutrally buoyant ferrofluid droplet dispersed in another viscous fluid medium, bounded by two plane walls translating in opposite
directions and subjected to a uniform magnetic field, H0 . Initially, the density and viscosity
of both the phases are treated equal to each other (i.e., 𝜌𝑐 = 𝜌 𝑑 and 𝜂𝑐 = 𝜂 𝑑 ). The magnetic
susceptibility of the ferrofluid droplet is considered as 1 (𝜒𝑑 = 1), while the continuous
phase is treated as a non magnetic fluid medium (𝜒𝑐 = 0). The magnitude of the coefficient
of the interfacial tension 𝜎 is considered equal to 0.0135 N/m.
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Figure 1. Schematic of the computational domain, including a ferrofluid droplet dispersed
in another fluid medium in a simple shear flow subjected to a uniform magnetic field, H0 .

Placing the ferrofluid droplet initially at the center, a simple shear flow with a
constant shear 𝛾¤ is generated by moving the top wall of the computational domain with a
velocity u𝑡 = 21 𝛾𝐻
¤ 𝑑 e𝑥 , while the bottom wall of the domain moves with a velocity of the
¤ 𝑑 e𝑥 ). The
same magnitude as the top wall, but in the opposite direction (i.e., u𝑏 = − 21 𝛾𝐻
velocity is continuous at the interface of the droplet; although, the surface force experiences
a discontinuity at the droplet interface due to the surface tension effect. The droplet also
experiences a symmetric flow field with respect its initial position, while the velocity is
zero along the center line of the flow domain. In order to simulate infinite periodicity in the
𝑥-direction, a periodic flow condition is implemented not only at the left wall, but also at
the right wall of the flow domain. The application of a uniform magnetic field, H0 , along
different directions to the flow domain is denoted by angle 𝛼. When the droplet undergoes
deformation, the deformation is determined using the largest major-axis and smallest minoraxis dimensions, which are denoted by 𝐿 and 𝐵, respectively. The orientation angle, defined
by 𝜃, is measured as the angle between the positive 𝑥-direction and the major axis of the
droplet in a counterclockwise direction.
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3. NUMERICAL SIMULATION METHOD
3.1. LEVEL SET METHOD
In the study of droplet motion in a shear induced flow, most of the problems arise
in tracking the free interface of the droplet, which moves to different locations following
severe deformation including breakup. Therefore, in our model, an Euler approach based
conservative level set method is implemented to solve the dynamically evolving droplet
interface between the two fluid phases. The level set method uses a smeared Heaviside
scalar function 𝜙 to distinguish the two fluid phases, and the value of 𝜙 undergoes a smooth
transition between 0 and 1 across the interface. In the droplet phase, the value of 𝜙 is
considered as 1, while it is zero in the continuous phase. The interface of the droplet is
defined by the 0.5 isocontour of 𝜙. The level set function 𝜙 moves with the velocity of fluid
u through the following equation [COMSOL, 2018]:


∇𝜙
𝑑𝜙
+ u · ∇𝜙 = 𝛾∇ · 𝜖 ∇𝜙 − 𝜙(1 − 𝜙)
,
𝑑𝑡
|∇𝜙|

(1)

In the above equation, 𝜖 is a parameter used to define the droplet interface thickness,
and its magnitude equals half the largest mesh size of the region passed by the droplet in
the domain. However, during the pinching stage, when the value of 𝜖 encounters a mesh
size less than half of the largest mesh size in the pinching region, it fails to resolve the
interface of the droplet and eventually initiates a breakup in the middle. In our study, the
magnitude of the largest mesh element size is considered equal to 4% of the diameter of the
droplet, and using a mesh size lower than 4% of the droplet diameter generates a similar
type of breakup phenomenon with reasonably identical shaped droplets; although, a slight
increase in the breakup time is observed with the decrease in the largest mesh size. On the
other hand, the re-initialization parameter 𝛾 needs a careful tuning for specific problems
since too small or too high values of 𝛾 can give rise to numerical instabilities and incorrect
interface, respectively. In general, the maximum magnitude of the velocity observed in the
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flow domain is considered as an optimum value for the re-initialization parameter 𝛾. Also,
the unit normal to the interface n can be calculated using the level set function as

n=

∇𝜙
.
|∇𝜙|

(2)

The level set method usually considers the multi-phase flows as a single phase flow,
where the level set value 𝜙 smooths the jump of different parameters, such as density (𝜌),
magnetic permeability (𝜇), dynamic viscosity (𝜂), and magnetic susceptibility (𝜒) across
the droplet interface through the following equations:

𝜌 = 𝜌𝑐 + (𝜌 𝑑 − 𝜌𝑐 )𝜙,

𝜇 = 𝜇𝑐 + (𝜇 𝑑 − 𝜇𝑐 )𝜙,

(3)

𝜂 = 𝜂𝑐 + (𝜂 𝑑 − 𝜂𝑐 )𝜙,

𝜒 = 𝜒𝑐 + ( 𝜒𝑑 − 𝜒𝑐 )𝜙,

(4)

where the continuous phase and droplet phase are represented by the subscripts 𝑐 and 𝑑,
respectively.

3.2. GOVERNING EQUATIONS
The incompressible laminar fluid flow motion, involving a viscous ferrofluid droplet
suspended in another viscous fluid, can be described by the time-dependent Navier-Stokes
equations, which are defined as follows:

∇ · u = 0,

(5)


𝜕u
+ u · ∇u = −∇𝑝 + ∇ · 𝝉 + F𝜎 + F𝑚 .
𝜌
𝜕𝑡

(6)

and
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Equations 5 and 6 also obey the law of conservation of mass and momentum, and the
symbols 𝑝 and 𝝉 denote pressure and viscous stress, while the surface tension and magnetic
forces are represented by F𝜎 and F𝑚 , respectively.


Again, the viscous stress tensor equals to 𝜂 (∇u) + (∇u)𝑇 , and the surface tension
force F𝜎 can be related to the coefficient of surface tension 𝜎 through the following equation:

F𝜎 = ∇ · [𝜎{I + (−nn𝑇 )}𝛿],

(7)

where I is the identity operator, and 𝛿 is the Dirac delta function, which can also be
approximated by the level set function 𝜙 as

𝛿 = 6|𝜙(1 − 𝜙)||∇𝜙|.

(8)

Also, the additional magnetic stresses generated due to the application of a uniform
magnetic field can be represented by the magnetic stress tensor 𝝉 𝑚 , which is eventually
required to calculate the applied magnetic force F𝑚 in the computational domain. The
calculation of the magnetic force F𝑚 is as follows [Rosensweig, 1985]:

F𝑚 = ∇ · 𝝉 𝑚 = ∇ · (𝜇HH −

𝜇 2
𝐻 I),
2

(9)

where 𝜇 is the permeability of the fluid that varies according to the level set function
𝜙, and 𝐻 2 = |H| 2 . A comprehensive understanding of the Maxwell equations and the
constitutive relations among magnetic induction B, magnetic field H, and magnetization
M is necessary for the calculation of magnetic stress tensor 𝝉 𝑚 , which also maintain the
following relationships [Stratton, 2007]:

∇ × H = 0,

M = 𝜒H,

∇·B=0

and B = 𝜇0 (H + M) = 𝜇0 (1 + 𝜒)H,

(10)
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The symbol 𝜇0 denotes the permeability of vacuum, which is equal to 4𝜋 × 10−7 N/A2 . A
scalar magnetic potential 𝜓 is defined under the consideration that it follows the relation
H = −∇𝜓, which ultimately leads to the following equation:

∇ · (𝜇∇𝜓) = 0.

(11)

Moreover, in order to have a better understanding about the parameters that govern
the overall dynamics of droplets, we rewrite the governing equations in terms of dimensionless groups. To achieve this, the droplet radius in the initial condition (𝑅0 ) is used as
1
a scaling parameter for the length, whereas the time is scaled by the inverted shear rate .
𝛾¤
The scaling for the non-dimensionalization of other parameters are as follows:

𝑝∗ =

𝜂
𝜌
𝜇
H
𝑝
, 𝜂∗ = , 𝜌 ∗ = , 𝜇∗ = , H∗ =
,
𝜂 𝛾¤
𝜂𝑐
𝜌𝑐
𝜇0
𝐻0

where 𝐻0 is a scaling parameter that denotes the magnitude of the magnetic field H0 applied
along different directions. Now, the Navier-Stokes equations in non-dimensionalized form
can be written as:
∇∗ · u∗ = 0,

Re

∗
∗ 𝐷u
𝜌
𝐷𝑡 ∗



= −∇∗ 𝑝 ∗ + ∇∗ · 𝜏 ∗ + 2

(12)
1 ∗
Bo𝑚 ∗ ∗
∇ · 𝝉𝑚 +
F .
Ca
Ca 𝜎

(13)

In Equations 12 and 13, the asterisk (∗) represents the non-dimensional variables, and Ca,
Re, and Bo𝑚 represent the capillary number, Reynolds number, and magnetic Bond number,
respectively, which can be elucidated as follows:

Ca =

𝜂𝑐 𝑅0 𝛾¤
,
𝜎

(14)

Re =

𝜌𝑐 𝑅0 2 𝛾¤
,
𝜂𝑐

(15)
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and
Bo𝑚 =

𝑅0 𝜇 0 𝐻0 2
.
2𝜎

(16)

Several other important non-dimensional groups, such as the viscosity ratio 𝜆 and
permeability ratio 𝜁 can be written as follows:

𝜆=

𝜂𝑑
,
𝜂𝑐

and

𝜁=

𝜇𝑑
.
𝜇0

(17)

Keeping the flow field restricted to the Stokes flow regime (i.e., Re . 0.03), in this task,
the effects of different dimensionless groups Ca, Bo𝑚 , 𝜆, including 𝛼 on the breakup
phenomenon of the droplet will be investigated.

4. RESULTS AND DISCUSSIONS
4.1. DROPLET DEFORMATION IN HIGH LIMIT OF SHEAR FLOW (Ca ≥ 0.35)
At a small Reynolds number (i.e., Re ≤ 0.03), the flow is governed by Stokes flow
equations. When a droplet is subjected to a simple shear flow, it deforms. According
to Taylor [Taylor, 1932, 1934], the deformation of a neutrally buoyant, viscous droplet
suspended in another viscous medium under a simple shear flow at Stokes flow limit can be
defined as:

𝐷 𝑡𝑎𝑦𝑙𝑜𝑟 =

𝐿 − 𝐵 19𝜆 + 16
=
Ca.
𝐿 + 𝐵 16𝜆 + 16

(18)

Taylor formulated the above equation assuming that the shear flow is unbounded with a
vanishing Reynolds number; however, in numerical studies, a simple shear flow is usually
generated by two plane walls translating in opposite directions, which gives rise to the
so-called confinement effect. This confinement effect, characterized by the confinement
2𝑅0
2𝑅0
ratio
, has a negligible effect on the deformation of the droplet when
< 0.4 [Guido
𝐻𝑑
𝐻𝑑
and Villone, 1998, Kennedy et al., 1994]. In our case, the confinement ratio is equal to

57
(a)

(c)

(b)

Figure 2. Droplet deformation in high limit shear flow. (a) 𝐷 vs time; (b) Comparison of
numerical results against Cox theory[Cox, 1969]; and (c) Equilibrium shape of the droplet.

0.1, and therefore, the confinement effect can be neglected. In this section, we study the
evolution of equilibrium droplet shapes in the high limit of shear flow under the Stokes flow
regime and then compare the numerical results against the existing theories in literature.
Figure 2 represents the time evolution of droplet deformation parameter D and the
corresponding equilibrium droplet shapes at different Capillary numbers. From Figure 2(a),
it can be seen that as the shear rate increases, the deformation increases. Also, it takes a very
small amount of computational time to reach the steady state deformation. Moreover, we
compared our numerical results against the asymptotic theory for small deformation given
by Cox [Cox, 1969]. According to Cox, the deformation of a droplet can be approximated
as:
"
𝐷 𝑐𝑜𝑥 = 𝐷 𝑡𝑎𝑦𝑙𝑜𝑟 1 +



19Ca𝜆
20

 2 # − 12
,

(19)
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Figure 3. Droplet breakup in a simple shear flow at Re = 1, Ca = 0.5, and 𝜆 = 1.2.

where 𝐷 𝑡𝑎𝑦𝑙𝑜𝑟 is the Taylor deformation parameter defined in Equation 18. From Figure
2(b), it can be inferred that the numerical results are in very good agreement with the Cox
deformation theory. Even for the maximum shear rate considered in our study (i.e., Ca =
0.5), the error between the numerical and theoretical results is found to be approximately
3.5%.
Furthermore, the corresponding equilibrium droplet shapes are shown in Figure
2(c). The droplet shapes reveal that with an increasing Capillary number, the droplet is
more stretched towards the direction of the flow field, which is also consistent with our
previous findings [Hassan et al., 2018]. The droplet experiences maximum shear stress
along the poles of the droplet. Also, the velocity field acts tangentially at the droplet
interface, and near the droplet, the flow field follows the curvature of the droplet, which is
also consistent with the free surface conditions. A closed circulation is observed inside the
droplet due to the competition between the surface tension driven flow and the flow field
outside the droplet, which is represented by the arrow in the velocity fields.
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Moreover, we performed simulations at higher Reynolds numbers (i.e., Re = 1) to
verify that our numerical model is capable of capturing droplet breakup at higher Reynolds
numbers. Figure 3 shows the transformation of an ellipsoidal droplet into multiple droplets
following a breakup at Re = 1, Ca = 0.5, and 𝜆 = 1.2. These droplet breakup results agree
well with the findings of Cunha et al. [Cunha et al., 2018], except the fact that in their case,
one satellite droplet was observed, while in our numerical model, we observed two satellite
droplets after the breakup. The primary reason behind this phenomenon can be attributed
to the resolution of the interface thickness of the droplet i.e., in their numerical model the
interface thickness was considered 1.5 times the largest mesh element size ℎ (𝜖 = 1.5ℎ),
whereas in our study, a better interface resolution is considered (𝜖 = 0.5ℎ). Additionally,
the validation of the droplet deformation results under the influence of uniform magnetic
fields against the findings of Afkhami et al. [Afkhami et al., 2010] are presented in our
previous work [Hassan et al., 2018].

4.2. DROPLET BREAKUP UNDER THE EFFECT OF MAGNETIC FIELD
When applied, an external magnetic field can significantly affect the deformation
and orientation of a ferrofluid droplet, which in turn offers the possibility of controlling the
emulsion rheology of a droplet by inducing or suppressing the topological changes of the
suspended droplet in a simple shear flow. Existing studies in the literature show that it is
possible to induce breakup at a low Capillary number in a Stokes flow (where the droplet
does not break) by increasing the Reynolds number [Li et al., 2000]. Recently, Cunha
et al. [Cunha et al., 2018] have studied field induced droplet breakup in a shear flow at a
higher Reynolds number where the magnetic field is applied in a perpendicular and parallel
direction to the flow field. In this section, at a fixed viscosity ratio (i.e., 𝜆 = 1) and Capillary
number (i.e., Ca = 0.45), we study the effect of an external uniform magnetic field on the
rupture of a ferrofluid droplet in the Stokes flow regime along some specific directions.
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(a)

(b)

Figure 4. Droplet under the effect of a magnetic field in a simple shear flow at 45◦ (i.e.,
𝛼 = 45◦ ), Ca = 0.45, and 𝜆 = 1. (a) 𝐷 vs time; (b) Droplet breakup time, 𝜏𝑏 vs Bo𝑚 .

Also, note that in the absence of any external forces (i.e., Bo𝑚 = 0), at Ca = 0.45 and 𝜆 = 1,
the orientation angle of the droplet is found to be approximately 21.9◦ . In the remaining
portion of the study, the Reynolds number is considered as 0.03 (i.e., Re = 0.03).
4.2.1. 𝜶 = 45◦ . Figure 4 represents the effect of a uniform magnetic field on the
droplet rheology in a simple shear flow at 𝛼 = 45◦ . From Figure 4(a), it can be seen that as
the magnetic field strength increases, the deformation 𝐷 of the ferrofluid droplet increases.
The droplet shape also attains a steady state within a very small amount of computational
time; however, at a magnetic bond number equal to 2.09 (i.e., Bo𝑚 = 2.09), the droplet
deformation shows an unsteady behavior for a longer period of time and reaches a steady
state in around 0.02 s. Furthermore, as we continue increasing the magnetic bond number
beyond 2.69 (i.e., Bo𝑚 ≥ 2.69), the droplet deforms even more without reaching a steady
state, and this unsteady behavior ultimately initiates the breakup. The sudden decline in the
droplet deformation in Figure 4(a) denotes that a breakup has been initiated by the external
magnetic field. Also, at 𝛼 = 45◦ we found the critical deformation (deformation at which the
droplet disintegrates) to be approximately 0.87 i.e., 𝐷 𝑐𝑟 ≈ 0.87. Additionally, the droplet
is found to rupture earlier under a higher magnetic field strength i.e., Bo𝑚 = 3.72. Figure
4(b) displays the estimated rupture time 𝜏𝑏 as a function of magnetic bond number Bo𝑚 ,
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which clearly indicates that 𝜏𝑏 follows a nonlinear relationship with Bo𝑚 . As the intensity of
magnetic field increases, the droplet ruptures even quicker. These results also demonstrate
that at 𝛼 = 45◦ , a critical magnetic bond number exists below which the droplet does not
break up anymore, and the numerical simulations suggest this value to be approximately
2.23 (i.e, Bo𝑐𝑟 ≈ 2.23).
Figure 5 shows the evolution of droplet breakup over time at different magnetic
bond numbers, Bo𝑚 . From Figure 5(b), it can be seen that as time proceeds, the droplet
transforms into a dumbbell shape from an ellipsoidal shape along with the bulbs at the ends
of the droplet with a fixed diameter. As the droplet stretches itself towards the direction of
the flow field, a neck is developed at the center of the droplet that continuously thins over
time. In this case, the magnetic field aids the droplet more in stretching towards the flow
field direction. Moreover, due to the presence of circulation inside the bulbous ends of the
droplet, the surface tension driven flow acts stronger near the bulbous end while the flow is
much weaker near the neck. As a result, this unstable neck eventually leads to ends pinching
off (𝜏𝑏 = 9.41) and gives rise to satellite droplets with the remaining liquid thread in the
middle; however, at Bo𝑚 = 3.72 (Figure 5(a)), we observed an eventual breakup of the
mother droplet into two daughter droplets. Now, as we go on increasing the magnetic field
strength (i.e., Bo𝑚 = 8.38), multiple satellite droplets appear in the computational domain.
Interestingly, from Figure 5(c) we can see that the size of the second pair of satellite droplets
seems smaller compared to the first pair of satellite droplets. According to Marks,Marks
[1998] if the original volume fraction is not totally used by the breakup process for a large
droplet, the ends of the remaining volume fraction will go through a similar breakup process
as before and give rise to another pair of smaller satellite droplets, and our results agree
very well with the experimental observations of Marks [Marks, 1998].
4.2.2. 𝜶 = 90◦ . Now, we apply the magnetic field at an angle 𝛼 = 90◦ to observe
its effect on the breakup phenomenon of the droplet suspended in a shear flow. Figure 6(a)
displays the evolution of deformation parameter 𝐷 over time when the magnetic field is

62

(a)

𝜏 = 4.68

𝜏 = 9.36

𝜏𝑏 = 13.45

𝜏 = 14.04

𝜏 = 18.72

𝜏 = 23.4

𝜏 = 3.51

𝜏 = 7.02

𝜏𝑏 = 9.41

𝜏 = 10.53

𝜏 = 14.04

𝜏 = 17.55

𝜏 = 2.34

𝜏 = 4.68

𝜏 = 7.02

𝜏𝑏 = 7.83

𝜏 = 9.36

𝜏 = 11.7

(b)

(c)

Figure 5. Evolution of droplet breakup under the magnetic field effect in a simple shear
flow at 45◦ (i.e., 𝛼 = 45◦ ), Ca = 0.45, and 𝜆 = 1. (a) Bo𝑚 = 3.72; (b) Bo𝑚 = 5.81; and (c)
Bo𝑚 = 8.38.
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(a)

(b)

Figure 6. Droplet under the effect of a magnetic field in a simple shear flow at 90◦ (i.e.,
𝛼 = 90◦ ), Ca = 0.45, and 𝜆 = 1. (a) 𝐷 vs time; (b) Droplet breakup time, 𝜏𝑏 vs Bo𝑚 .

applied at an angle 𝛼 = 90◦ . It can be seen that with the increase in magnetic field strength,
deformation 𝐷 increases and reaches a steady state around 0.008 s; although at Bo𝑚 = 3.01,
the droplet starts to show unsteady behavior. Moreover, as we continuously increase the
magnetic field strength to Bo𝑚 = 3.72, similar to the case mentioned above, we observe the
first breakup where the mother droplet breaks into two daughter droplets. In this case, the
critical deformation is found to be approximately 0.85 (i.e., 𝐷 𝑐𝑟 ≈ 0.85). Also, at 𝛼 = 90◦
the first breakup is seen at a magnetic bond number, Bo𝑚 = 3.72, which is slightly above
the magnetic bond number that is required to initiate the first breakup at 𝛼 = 45◦ (i.e.,
Bo𝑚 = 2.69). The primary reason behind this fact is that at 𝛼 = 45◦ , the magnetic field aids
the droplet in stretching in the same direction as the velocity field, which in turn initiates
the droplet breakup faster. Figure 6(b) illustrates the relationship between droplet breakup
time, 𝜏𝑏 and magnetic bond number, Bo𝑚 , and the numerical results suggest that the critical
magnetic bond number in this case lies around 3.63 (i.e., Bo𝑐𝑟 ≈ 3.63).
Figure 7 demonstrates the evolution of droplet shapes under the magnetic field effect
at 𝛼 = 90◦ , and it shows that the droplet continuously deforms and eventually breaks up
at some point; however, no satellite droplets are observed until we apply a magnetic field
strength that corresponds to a magnetic bond number, Bo𝑚 = 8.38 (Figure 7(c)). In all
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Figure 7. Evolution of droplet breakup under the magnetic field effect in a simple shear
flow at 90◦ (i.e., 𝛼 = 90◦ ), Ca = 0.45, and 𝜆 = 1. (a) Bo𝑚 = 3.72; (b) Bo𝑚 = 5.81; and (c)
Bo𝑚 = 8.38.
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(b)

Figure 8. Droplet under the effect of a magnetic field in a simple shear flow at 0◦ (i.e.,
𝛼 = 0◦ ), Ca = 0.45, and 𝜆 = 1. (a) 𝐷 vs time; (b) Outline of equilibrium shapes at different
magnetic bond numbers, Bo𝑚 .

these cases, the droplet follows a similar type of evolution from initial stage to breakup
as described in the previous section (i.e., the droplet stretches itself from spherical to the
dumbbell shape followed by an ellipsoidal shape, then the ends pinch off due to the presence
of instabilities at the central portion, which in turn generate multiple droplets). Interestingly,
in Figure 7(c) fewer satellite droplets appear compared to the number of satellite droplets
that we observed at 𝛼 = 45◦ (Figure 5(c)) for the same magnitude of magnetic field strength
(i.e., Bo𝑚 = 8.38). The reason behind this could be attributed to the fact that in this case, the
magnetic stress acts in a direction perpendicular to the flow field while the hydrodynamic
stress acts along 45◦ , and the competition between hydrodynamic and magnetic stresses
along two different directions results in a few number necks along the droplet interface,
which in turn produces fewer satellite droplets.
4.2.3. 𝜶 = 0◦ . Figure 8 represents the effect of magnetic field on the droplet shape
in a simple shear flow at 𝛼 = 0◦ . From Figure 8(a), it can be seen that initially as the
magnetic field strength increases up to Bo𝑚 = 2.09, the magnetic field has negligible
effect on the deformation of the droplet since upto this point the shear flow is dominant
and controls the deformation of the droplet. But as the magnetic field strength starts to
increase beyond Bo𝑚 ≥ 3.72, the magnetic field tends to become dominant, and as a result
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(a)
(b)

Figure 9. Droplet under the effect of a magnetic field in a simple shear flow at 135◦ (i.e.,
𝛼 = 135◦ ), Ca = 0.45, and 𝜆 = 1. (a) 𝐷 vs time; (b) Outline of equilibrium shapes at
different magnetic bond numbers, Bo𝑚 .

the deformation of the droplet 𝐷 increases and reaches a steady state within a very small
amount of computational time. Figure 8(b) portrays the outline of the equilibrium droplet
shapes at different magnetic bond numbers, Bo𝑚 . The droplet shapes reveal that with the
increase in magnetic field strength, the droplet aligns itself more towards the direction of
the magnetic field with greater deformation. Even at a higher magnetic bond number i.e.,
Bo𝑚 = 8.38, we did not observe any breakup. The primary reason behind this phenomenon
is that with the increase in magnetic field strength, the magnetic field rotates the droplet
from the extensional quadrant to the compressional quadrant of shear, and as a result the
droplet is now so aligned with the flow direction that the shear stress is not strong enough
to induce rupture, which also acts as a restorative mechanism of the droplet shape.
4.2.4. 𝜶 = 135◦ . Finally, we apply the magnetic field along 135◦ (i.e., 𝛼 = 135◦ )
to understand its effect on the droplet deformation in a significantly strong shear flow.
Figure 9 represents the droplet deformation behavior under a uniform magnetic field in a
shear flow at 𝛼 = 135◦ . From Figure 9(a), we can see that as the magnetic field strength
gradually increases, the droplet deformation 𝐷 decreases. This happens because, on the
one hand, the shear flow is trying to deform the droplet along 45◦ , while, on the other hand,
the magnetic field is acting along 135◦ , which is also the exact opposite direction to the
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favorable direction of the shear flow, thus resulting in a smaller deformation. Also, the
outline of equilibrium droplet shapes is illustrated in Figure 9(b), which confirms that with
the increase in magnetic field strength, the droplet changes from an ellipsoidal shape to a
spherical shape followed by a smaller deformation. Moreover, at Bo𝑚 = 8.38 the magnetic
field strength starts to orient the droplet along 135◦ , while for the other cases, the shear flow
takes control of the orientation of the droplet.
Moreover, further simulations have been carried out at very high magnetic bond
numbers (i.e., Bo𝑚 = 33.5) along both 𝛼 = 0◦ and 135◦ to investigate if the droplet breaks
under extreme conditions, and interestingly, no breakup is observed in the computational
domain even in these situations; instead, droplets with nearly pointed ends are generated,
which also shows good agreement with the findings of Afkhami et al. [Afkhami et al.,
2010]. Overall, the results for different arbitrary directions suggest that it is possible
to initiate droplet breakup in the Stokes flow regime by proper manipulation of a uniform
magnetic field along 45◦ and 90◦ , while breakup can be suppressed by applying the magnetic
field along both 0◦ and 135◦ .

4.3. EFFECT OF VISCOSITY RATIO
In external flow conditions, viscosity ratio plays an important role on the dynamics
of isolated drops in a shear flow, and from the experimental analyses of Grace [Grace, 1982]
and Debruĳn [Debruĳn, 1991] it is found that the droplet reaches a steady state deformation
upto a certain critical Capillary number, Ca𝑐𝑟 , and above Ca𝑐𝑟 the droplet keeps deforming
until rupture occurs, which is also dependent on the viscosity ratio. Conversely, in particular,
a detailed study of the critical droplet deformation 𝐷 𝑐𝑟 at a low Reynolds number is missing
in the literature. Here, in this section, we analyze the effect of the viscosity ratio on the
droplet breakup phenomenon in the Stokes flow regime under a uniform magnetic field.
Keeping the droplet size and capillary number fixed (i.e., Ca = 0.45), the magnetic field is
applied along different directions for different viscosity ratios.
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Figure 10. Effect of viscosity ratio on droplet breakup under a uniform magnetic field at
𝛼 = 45◦ and Ca = 0.45. Droplet breakup time, 𝜏𝑏 vs Bo𝑚 .

4.3.1. 𝜶 = 45◦ . Figure 10 shows the effect of the viscosity ratio on the droplet
breakup time under a uniform magnetic field at 𝛼 = 45◦ . It can be seen that at a fixed
viscosity ratio, as the magnetic bond number Bo𝑚 increases, the droplet rupture time
decreases. Also, there exists a critical magnetic bond number, Bo𝑐𝑟 , for all viscosity ratios
below which the droplet does not breakup anymore. Moreover, at a fixed magnetic bond
number Bo𝑚 , as the viscosity ratio increases, the breakup time increases, except when the
magnetic bond number is near the critical magnetic bond number Bo𝑐𝑟 . This is because with
the increase in viscosity ratios, the droplet shows more resistance to droplet deformation.
As a result, it takes more time for a particular magnetic field strength to induce rupture to a
more viscous droplet compared to a less viscous droplet. Interestingly, the critical magnetic
bond number Bo𝑐𝑟 also decreases for more viscous droplets.
Figure 11 shows the evolution of droplet breakup under a magnetic field at 𝛼 = 45◦
for different viscosity ratios. It can be seen that at a magnetic bond number Bo𝑚 = 8.38 for all
viscosity ratios, the droplet goes through a similar kind of evolution from the initial stage to
the point where it ruptures, as discussed in the previous sections; however, more necks appear
near the center of the droplet due to the increased resistance towards droplet deformation
with the increase in the viscosity ratios, which in turn give rise to more number of satellite
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Figure 11. Evolution of droplet breakup under a uniform magnetic field in a simple shear
flow at 45◦ (i.e., 𝛼 = 45◦ ), Ca = 0.45, and Bo𝑚 = 8.38. (a) 𝜆 = 0.5; (b) 𝜆 = 1; and (c)
𝜆 = 5.
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Figure 12. Effect of viscosity ratio on droplet breakup under a uniform magnetic field at
𝛼 = 90◦ and Ca = 0.45. Droplet breakup time, 𝜏𝑏 vs Bo𝑚 .

droplets after the droplet disintegrates. Also, we observed the subsequent production of
smaller and larger satellite droplets (Figure 11(b) and (c)) followed by the formation of the
largest daughter droplets by the first elongative end pinching during the droplet breakup
process, which also agrees with the experimental findings of Marks. Furthermore, the
size of the daughter droplets decreases with the increase in the viscosity ratio, due to the
increased resistance to droplet deformation.
4.3.2. 𝜶 = 90◦ . Now, we apply the magnetic field in a direction perpendicular to
the flow field (i.e., 𝛼 = 90◦ ) to investigate its effect on the droplet breakup phenomenon
for different viscosity ratios. Figure 12 displays the relationship between the breakup time
𝜏𝑏 and the magnetic bond number Bo𝑚 at three different viscosity ratios. Similar to the
𝛼 = 45◦ case mentioned above, in this case at a fixed viscosity ratio, the droplet rupture
time decreases with increasing the magnetic field strength. Also, a critical magnetic bond
number, Bo𝑐𝑟 , exists for all viscosity ratios, which gradually decreases for more viscous
droplets. Figure 13 shows the evolution of the droplet shape from the initial stage to the
breakup stage under a uniform magnetic field at 𝛼 = 90◦ , and it can be seen that for all the
cases, the droplet initially tends to orient itself along the direction of the magnetic field over
time, followed by the transformation of the spherical droplet into a dumbbell shape with
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Figure 13. Evolution of droplet breakup under a uniform magnetic field in a simple shear
flow at 90◦ (i.e., 𝛼 = 90◦ ), Ca = 0.45, and Bo𝑚 = 8.38. (a) 𝜆 = 0.5; (b) 𝜆 = 1; and (c)
𝜆 = 5.
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Figure 14. Relationship between critical magnetic bond number, Bo𝑐𝑟 and viscosity ratio,
𝜆 for different arbitrary magnetic field directions.

fixed diameter bulbs at both ends. Eventually, more necks are developed due to the shear
and magnetic stresses acting along the interface near the center, which in turn give rise
to multiple satellite droplets; however, at 𝛼 = 90◦ we observed the production of smaller
and larger satellite droplets only at a higher magnetic field strength (i.e., Bo𝑚 = 8.38).
Moreover, the size of the daughter droplets appears smaller at 𝛼 = 90◦ compared to
𝛼 = 45◦ . Furthermore, at 𝛼 = 90◦ as the viscosity ratio is increased beyond 𝜆 ≥ 1, fewer
satellite droplets are found in the computational domain compared to the number of satellite
droplets that appear at 𝛼 = 45◦ .
Finally, the relationship between the critical magnetic bond number, Bo𝑐𝑟 , and the
viscosity ratio, 𝜆, for different directions is demonstrated in Figure 14. It shows that at a
fixed 𝜆, the critical magnetic bond number Bo𝑐𝑟 always has a higher value at 𝛼 = 90◦ than
at 𝛼 = 45◦ . This is because the magnetic field additionally stretches the droplet along the
flow direction at 𝛼 = 45◦ , which ultimately induces rupture in the droplet at a faster rate.
As a result, the critical magnetic bond number Bo𝑐𝑟 appears earlier at 𝛼 = 45◦ compared to
𝛼 = 90◦ , where we apply the magnetic field in a direction perpendicular to the flow domain.
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(a)

(b)

Figure 15. Effect of viscosity ratio on droplet deformation under a uniform magnetic field at
𝛼 = 0◦ and Ca = 0.45. (a) 𝐷 vs time; and (b) Outline of equilibrium shapes at Bo𝑚 = 2.09.

4.3.3. 𝜶 = 0◦ . Figure 15 illustrates the effect of the viscosity ratio on the droplet
breakup under a uniform magnetic field at 𝛼 = 0◦ . From Figure 15(a), it can be seen that
at a fixed magnetic bond number Bo𝑚 , the deformation of the droplet 𝐷 decreases with the
increase in viscosity ratio. This is due to the fact that as the droplet becomes more viscous,
it shows more resistance to deformation, which in turn results in a more spherical droplet
shape. Interestingly, for a more viscous droplet (i.e., 𝜆 = 5) at a smaller magnetic field
strength (i.e., Bo𝑚 = 2.09), we observed a rapid decline in deformation compared to less
viscous drops (i.e., 𝜆 = 0.5 and 1). Figure 15(b) depicts the outline of the final equilibrium
droplet shapes at Bo𝑚 = 2.09, which also confirms that with the increase in viscosity ratio,
the droplet tends to align itself more towards the direction of magnetic field (i.e., orientation
angle 𝜃 decreases).
4.3.4. 𝜶 = 135◦ . Finally, the magnetic field is applied along 135◦ to investigate its
effect on droplet rheology at different viscosity ratios. From Figure 16(a), it can be seen
that, similar to the case mentioned above, the droplet deformation 𝐷 decreases with the
increase in viscosity ratio. But in this case, at a particular magnetic field strength and
viscosity ratio, the droplet deformation appears much smaller compared to the deformation
at 𝛼 = 0◦ . The primary reason behind this could be attributed to the fact that at 𝛼 = 135◦ ,
the magnetic field induced deformation acts along the exact opposite direction of the shear
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Figure 16. Effect of viscosity ratio on droplet deformation under a uniform magnetic field
at 𝛼 = 135◦ and Ca = 0.45. (a) 𝐷 vs time; (b) Outline of equilibrium shapes at Bo𝑚 = 2.09.

induced deformation i.e., deformation 𝐷 decreases. Furthermore, the droplet aligns itself
more towards the direction of the magnetic field with the increase in viscosity ratio (Figure
16(b)), which is also similar to the orientation trend observed at 𝛼 = 0◦ .
Overall, the results suggest that at Ca = 0.45, increasing the viscosity ratio along
both 𝛼 = 45◦ and 90◦ initiates a faster breakup. At a fixed viscosity ratio, the critical
magnetic bond number Bo𝑐𝑟 always has a higher value at 𝛼 = 90◦ than at 𝛼 = 45◦ . On the
other hand, at a specific magnetic field strength (i.e., Bo𝑚 = 2.09), increasing the viscosity
ratio along both 𝛼 = 0◦ and 135◦ results in a smaller deformation; however, the deformation
of the droplet along 𝛼 = 135◦ is found comparatively smaller than the deformation at 𝛼 = 0◦ .

5. CONCLUSION
The breakup of a ferrofluid droplet in a simple shear flow under the influence of a
uniform magnetic field along different directions at a low Reynolds number (i.e., Re = 0.03)
is systematically studied in this paper. The results show that at a low Capillary number
(i.e., Ca ≤ 0.5), in the absence of any external forces, the droplet reaches a steady state
deformation when suspended in another viscous medium in a shear flow; however, when a
magnetic field is applied along 45◦ and 90◦ , the droplet starts to show unsteady behavior
with the increase in magnetic field strength and eventually ruptures. We found that there
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exists a critical magnetic Bond number, Bo𝑐𝑟 , above which the droplet shows this behavior,
which is also dependent on the direction of the magnetic field. For example, at 𝛼 = 45◦ ,
◦

the magnitude of Bo𝑐𝑟 is found to be approximately 2.23 (i.e., Bo45
𝑐𝑟 ≈ 2.23), while at
◦

𝛼 = 90◦ , it was found to be approximately 3.63 (i.e., Bo90
𝑐𝑟 ≈ 3.63). Also, as we increase
the magnetic field strength beyond Bo𝑐𝑟 , for both cases, the time to induce rupture in the
droplet decreases. Moreover, for the same magnetic field strength, more satellite droplets
are observed at 𝛼 = 45◦ compared to 𝛼 = 90◦ . On the other hand, applying a magnetic field
along 0◦ and 135◦ suppresses droplet breakup. Even at a higher magnetic field strength, a
steady state deformation was observed in both cases.
Furthermore, we investigated the effect of viscosity ratios on the droplet breakup
phenomenon under a uniform magnetic field at different directions and found that for both
𝛼 = 45◦ and 90◦ , at a fixed magnetic bond number, the breakup time increases as the
viscosity ratio 𝜆 increases, except when Bo𝑚 is near the critical magnetic bond number
Bo𝑐𝑟 . Also, the critical magnetic bond number Bo𝑐𝑟 decreases for a more viscous droplet.
Additionally, with the increase in viscosity ratio at a fixed magnetic bond number, more
satellite droplets are observed; although, for the same Bo𝑚 and 𝜆, a larger number of satellite
droplets are observed at 𝛼 = 45◦ compared to 90◦ . Moreover, at a fixed 𝜆, Bo𝑐𝑟 always
has a higher value at 𝛼 = 90◦ than at 𝛼 = 45◦ . Conversely, when the magnetic field is
directed along 0◦ and 135◦ , at a particular magnetic field strength, the droplet deformation
𝐷 decreases with an increase in viscosity ratio, and the droplet tends to orient itself more
towards the magnetic field direction. These findings indicate the enormous potential of
magnetic fields as a useful tool for controlling breakup of ferrofluid droplets and emulsion
rheology, which are relevant to a variety of applications in the fields of microfluidics,
polymer processing, and chemical engineering.
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ABSTRACT
A numerical investigation on the interactions between a pair of equal-sized ferrofluid
droplets in a simple shear flow subjected to uniform magnetic fields is carried out in this
paper. Our numerical model utilizes a finite element method based level set algorithm to
trace the topological changes along the droplet interface in two phase flows by coupling the
flow and magnetic fields. Systematic numerical simulations with a well-resolved droplet
interface are carried out in the Stokes flow limit (i.e., Re ≤ 0.03) to explore the effects
of magnetic field direction, strength, and initial vertical offset on the pairwise interactions
between the droplets. The findings indicate that in a solitary shear flow, a critical capillary
number Ca𝑐𝑟 exists, beyond which the droplets exhibit separation through a sliding-over
motion, instead of coalescence. Applying a uniform magnetic field along 𝛼 = 0◦ (i.e.,
parallel to the flow direction) results in a faster coalescence between the droplets. At
𝛼 = 90◦ , a critical magnetic bond number Bo𝑐𝑟 appears where the droplets show a reversing
motion behavior, instead of a passing-over motion leading to coalescence. In contrast,
at 𝛼 = 45◦ , the droplets separate away from each other, following a reversal motion at a
capillary number where the droplets usually coalesce with each other in a solitary shear
flow. Moreover, the effect of initial vertical offset on the interaction behavior of the droplets
is examined, and it is found that the collision event is dependent on the initial vertical
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separation distance between the droplets. Increasing the vertical separation distance along
𝛼 = 0◦ initiates faster coalescence, while at 𝛼 = 90◦ , coalescence is delayed. Furthermore,
at 𝛼 = 45◦ , the droplets undergo a reversing motion and experience larger migration at
increased vertical separation distances.
Keywords: Ferrofluid droplets, Magnetic field, Droplet pair, Droplet coalescence, Droplet
interactions

1. INTRODUCTION
Droplets dispersed in another immiscible liquid are frequently encountered in a
number of industrial applications that involve liquid-liquid extraction [Abeynaike et al.,
2012, Lifton, 2016, Nilsson et al., 2013], emulsification [Jafari et al., 2008, Lobo and
Svereika, 2003], and in particular, polymer blending [Ionescu-Zanetti et al., 2004, Shum
et al., 2008], which is one of the fastest and most commercial means of producing materials
with improved properties. The microscale structure of a polymer blend, developed during
the processing, is dependent on the droplet distribution and plays a pivotal role in the
determination of the mechanical strength and permeability of the polymer blends.
It is a well known fact that when polymer processing involves complex flow fields,
the droplet size and distribution are mainly affected by two key phenomena: droplet coalescence and breakup, which can also simultaneously occur in polymer blends. In general, coalescence is a more complex phenomenon than breakup since coalescence involves
droplet-droplet interactions, while breakup requires a single drop and is not greatly influenced by the presence of neighboring drops in polymer blends [Loewenberg and Hinch,
1997]. The coalescence phenomenon mainly consists of three distinct phases: approach
leading to collision, film drainage between liquid phases due to the flattening of the interfaces, and rupture leading to confluence. Sometimes, droplet collision does not inevitably
result in coalescence, due to increased droplet deformation, which eventually decreases the
probability of coalescence [Chesters, 1991].

83
In recent years, small scale mixing devices are getting more attention in the development stage of the polymer blends and composites [Cassagnau and Fenouillot, 2004, Son,
2009]; and due to their small size, the wall effects on the droplets can not be neglected.
The flow in these types of mixing devices is a combination of both shear and extensional
flow; however, shear flow is often considered as the main flow component. As a result,
most of the studies in the literature are devoted to the structural organization of droplets in
a confined shear flow [De Bruyn et al., 2014], and in order to obtain a precise control on the
size and shape of the droplets in a confined shear flow, a comprehensive understanding of
the underlying hydrodynamics behind the interaction behavior between droplets is required.
Following the pioneering works of Taylor [Taylor, 1932, 1934], several authors
investigated the collision between two droplets in a shear flow [Edwards et al., 2009, Rother
et al., 1997]. Guido and Simeone [Guido and Simeone, 1998] used an optical microscopy to
analyze droplet collision in a simple shear flow; however, the coalescence conditions were
not mentioned in their work. Baldessari and Leal [Baldessari and Leal, 2006] performed a
theoretical investigation on the interaction between a pair of droplets in a linear flow at a
low capillary number and found that overall droplet deformation plays a crucial role on the
drainage of the film during coalescence, while Jaeger et al. [Jaeger et al., 1994] found that
coalescence depends on the mobility of the interfaces. Burkhart et al. [Burkhart et al., 2001]
theoretically predicted the final size distribution of non-deformable drops in a dispersion
based on the degree of droplet deformation. Moreover, a review on the potential of more
classical forces, such as, dispersion and supramolecular forces on film rupture is provided
by Bergeron [Bergeron, 1999].
Experimental investigations are mainly focused on the evolution of the final shape of
the droplet or size distribution in a dispersion of droplets exposed to steady or transient flows
[Lyu et al., 2002, Marić and Macosko, 2002]. Chen et al. [Chen et al., 2009] analyzed the
confinement effect on droplet coalescence in a pure shear flow and found that coalescence
is promoted by confinement. De Bruyn et al. [De Bruyn et al., 2013] studied the effect
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of initial offset in the velocity gradient direction on the coalescence proficiency of two
droplets in a confined shear flow and found that confinement initiates reversal droplet
trajectories at small initial offsets. Yang et al. [Yang et al., 2001] and Ha et al. [Ha et al.,
2003] analyzed the individual flow-induced coalescence events under confined conditions,
and their results suggest that droplet interactions involve a richer phenomena, which is
dependent on the droplet deformation and corresponding hydrodynamic interactions among
themselves. Furthermore, splitting and coalescence of droplets under confined conditions
in microfluidic devices have been explored by Christopher et al. [Christopher et al., 2009]
and Chen et al. [Chen et al., 2007].
Numerical simulations are useful in the study of droplet interactions, in situations
with initial conditions that are difficult to implement in experiments. Additionally, the
flexibility of numerical models provides a greater advantage in predicting the performance
of coalescence in complex systems [Farhat and Lee, 2011, Yue et al., 2005]. Chen and Wang
[Chen and Wang, 2014] investigated droplets interaction in a shear flow under confinement
using VOF method and found that an increase in confinement leads to a reversing motion
instead of a passing-over motion. Shardt et al. [Shardt et al., 2013] implemented a lattice
Boltzmann method to study droplet coalescence in a simple shear flow and observed that
with an increase in the droplet sizes, the critical capillary number decreases. In another
work, a lattice Boltzmann method was implemented by Sun et al. [Sun et al., 2013] to analyze
head-on droplet collision, while Dupuy et al. [Dupuy et al., 2010] used the Cahn-Hillard
free energy method to examine coalescence for non-uniform systems.
Droplet rheology can also be manipulated by using external forces through an electric or magnetic field [Sherwood, 1988, Zakinyan et al., 2012]. Salipante and Vlahovska
[Salipante and Vlahovska, 2010] experimentally studied the electrohydrodynamics of drops
under uniform DC electric fields and came to a conclusion that the threshold field strength
of high viscous drops can be estimated using Quincke rotation criterion. Chen et al. [Chen
et al., 2015] performed both theoretical and numerical analyses on the alternating current
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induced double droplets interaction in a microchannel to speculate the relationship between
droplet separation and critical electric intensity. An experimental work on droplet coalescence in a polymer blend under the impact of electric fields was done by Aida et al. [Aida
et al., 2010].
In order to use magnetic fields as an additional means of manipulating the shape
of a droplet, the droplet or continuous phase needs to be a ferrofluid — stable colloidal
suspensions of nanoscale magnetic particles suspended in a non-magnetic carrier liquid
and having a coating of surfactants to inhibit clumping. Since the fluids exhibit different
magnetic properties, Maxwell stresses appear in the computational domain, which give rise
to interfacial instabilities in ferrofluids [Cowley and Rosensweig, 1967]. An experimental
study on the use of an alternating magnetic field on forced convective heat transfer using aqueous ferrofluids in a copper tube revealed a significant heat transfer enhancement
[Ghofrani et al., 2013]. Ray et al. [Ray et al., 2017] performed both numerical and experimental investigations on the manipulation of ferrofluid droplets by a permanent magnet and
observed coalescence and mixing of ferrofluid droplets under magnetic fields. Rowghanian
et al. [Rowghanian et al., 2016] implemented a computational scheme to study the dynamics
of a ferrofluid droplet under spatially uniform magnetic fields, while a detailed investigation
on a uniform magnetic field instigated ferrofluid droplet behavior in simple shear flows is
shown in our recent works [Hassan and Wang, 2019, Hassan et al., 2018].
However, most of the prevalent works are mainly concentrated on the hydrodynamic
interactions between isolated droplet pairs in free shear flows at moderately high Reynolds
numbers [Masiri et al., 2019, Mazloomi Moqaddam et al., 2016, Shardt et al., 2013]. Recently, Santra et al. [Santra et al., 2019] performed a numerical analysis on the pairwise
interaction between droplets subjected to a transverse electric field in a shear flow at moderately high Reynolds number (i.e., Re = 0.2). Their results suggest that droplets undergo a
reversing motion instead of a passing-over motion with an increase in the conductivity ratio.
Additionally, application of an electric field results in an enhancement of emulsion stability
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Table 1. Parameters and magnitudes.
Parameter
Density of droplet phase
Viscosity of droplet phase
Interfacial tension

Symbol
𝜌𝑑
𝜂𝑑
𝜎

Value
1260
0.105
0.0135

Unit
kg/m3
Pa·s
N/m

in confined channels. However, until now, as per our knowledge, no one has ever studied
the interaction phenomenon between a pair of droplets under the combined effect of shear
flow and uniform magnetic fields in the Stokes flow limit, which is traditionally related to
a diverse group of microfluidics applications [Baret et al., 2009, Okushima et al., 2004,
Pautot et al., 2003, Takeuchi et al., 2005, Utada et al., 2005, Xu et al., 2005, Zhang and
Xing, 2010, Zhang and Ozdemir, 2009, Zheng et al., 2005, 2003]. Therefore, in this study,
we concentrate on exploring the interaction behavior between a pair of isolated droplets
in a simple shear flow under a uniform magnetic field, applied along several directions
relative to the flow domain. A two-dimensional simulation (capable of correctly capturing
the droplet interface with great computational efficiency) is implemented in our numerical
model with an idea to investigate a broad range of variables i.e., magnetic field direction,
strength, and initial vertical offset, which again couples the flow and magnetic fields by
using a FEM based numerical approach (i.e., level set method).
The organization of the rest of the manuscript is as follows: We explain the computational model in Sec. 2, while the governing equations and numerical algorithms are
described in Sec. 3. Then, the magnetic field strength and initial vertical offset effects on
the droplet interaction behavior are illustrated in Sec. 4. Lastly, the crucial findings are
summarized in Sec. 5.
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Figure 1. Graphic representation of the computational domain with a pair of suspended
ferrofluid droplets in simple shear flows and uniform magnetic fields, H0 .

2. COMPUTATIONAL MODEL
Figure 1 graphically represents a pair of buoyant ferrofluid droplets in a computational domain where the top and bottom walls translate with a velocity of the same
magnitude, generated by a constant shear 𝛾,
¤ but in a direction opposite to each other (i.e.,
¤ 𝑑 e𝑥 and u𝑏𝑤 = − 12 𝛾𝐻
¤ 𝑑 e𝑥 ). The parameter 𝐻𝑑 represents the height of the flow
u𝑡𝑤 = 12 𝛾𝐻
domain, which equals to 10 times the initial radius of the droplet (i.e., 𝐻𝑑 = 10𝑅0 ), while
the width is considered twice the height of the domain (i.e., 𝑊𝑑 = 2𝐻𝑑 ). The domain size
is also chosen to be large enough so that the confinement effect can be neglected.Guido and
Villone [1998], Kennedy et al. [1994] The droplet phase is equally viscous and dense as
the continuous phase (i.e., 𝜂𝑐 = 𝜂 𝑑 and 𝜌𝑐 = 𝜌 𝑑 ) and has a magnetic susceptibility equals
to 1 (i.e., 𝜒𝑑 = 1). On the other hand, the continuous phase is regarded as a non-magnetic
medium (𝜒𝑐 = 0).
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Initially, two ferrofluid droplets are symmetrically separated from each other with
respect to the center of the computational domain by a horizontal distance Δ𝑋 along
the flow direction, while a vertical distance Δ𝑌 is maintained along the velocity gradient
direction. In spite of having a continuous velocity at the interface, the droplet experiences
discontinuous forces along the interface due to the contribution from the effect of surface
tension. The flow domain maintains a symmetric velocity field with respect to the center
where the velocity diminishes to zero. Moreover, a periodic boundary condition is imposed
on the left and right walls to ensure infinite periodicity in the direction of the flow. Next,
the flow domain is treated with a uniform magnetic field, H0 , along several directions 𝛼.
Under combined magnetic and hydrodynamic forces, the droplet deforms and orients along
different directions, which are denoted by the deformation parameter 𝐷 and orientation
angle 𝜃, respectively.

3. NUMERICAL METHOD
3.1. LEVEL SET METHOD
In this study, an Eulerian strategy based conservative level-set method is enacted to
track the topological changes along the droplet interface, which is considered as one of the
most troublesome process in a wide range of applications that involve moving boundaries
i.e., fluid-structure interactions, multi-phase flows etc. In a level set method, two fluid phases
are separated by a smeared out heaviside scalar function 𝜙, which assigns a value equals
to 1 in the droplet phase and zero in the surrounding continuous phase, while maintaining
a smooth transition over the droplet interface between 0 and 1. The exact position of the
interface is defined by 0.5 isocontour of the scalar function 𝜙. The level set equation, with
the velocity advected scalar function 𝜙, can be expressed as [Olsson and Kreiss, 2005]:


∇𝜙
𝑑𝜙
+ u · ∇𝜙 = 𝛾∇ · 𝜖 ∇𝜙 − 𝜙(1 − 𝜙)
.
𝑑𝑡
|∇𝜙|

(1)
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In Equation 1, the variable u represents the velocity field, while the re-initialization amount
and interface thickness are denoted by 𝛾 and 𝜖, respectively. The right hand side terms
involve higher order derivatives of 𝜙, which are essential to keep the droplet interface intact in
the simulation. The re-initialization parameter 𝛾 ensures that the level set function gradient
remains concentrated to the droplet interface over time, and the maximum magnitude of
the velocity field is considered as a suitable value of 𝛾 in the level set method. On the
other hand, the parameter 𝜖 simply controls the thickness of the droplet interface where the
variations of the level set functions are obtained, and it is set equal to half the maximum
mesh size of the region passed by the droplets in the flow domain. Moreover, the level set
function 𝜙 is used to calculate the unit normal to the interface n as:

n=

∇𝜙
.
|∇𝜙|

(2)

Since multi-phase flows are considered as a single phase flow in the level set method,
different properties of fluid, such as dynamic viscosity (𝜂) and density (𝜌) can be calculated
through the following relations:

𝜂 = 𝜂𝑐 + (𝜂 𝑑 − 𝜂𝑐 )𝜙,

𝜌 = 𝜌𝑐 + (𝜌 𝑑 − 𝜌𝑐 )𝜙.

(3)

Similarly, magnetic properties, such as, magnetic permeability (𝜇) and magnetic susceptibility (𝜒) can be approximated as:

𝜇 = 𝜇𝑐 + (𝜇 𝑑 − 𝜇𝑐 )𝜙,

𝜒 = 𝜒𝑐 + ( 𝜒𝑑 − 𝜒𝑐 )𝜙.

(4)

In Equations 3 and 4, the subscript 𝑐 is used to define the properties of continuous phase,
while the subscript 𝑑 specifies the droplet phase properties in the computational domain.
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COMSOL 5.3, a commercial finite element method (FEM) solver, is chosen in our
numerical investigation to analyze pairwise interaction between droplets in shear flows
under the influence of a uniform magnetic field. At first, laminar flow level set method
along with transient phase initialization feature is implemented in our computational model
with an aim to solving the flow domain and tracking the free interface of the droplet. The
generation of a constant shear rate in the flow domain is achieved by using the moving
wall feature from the laminar flow tree where the top and bottom walls move in opposite
directions, but with a velocity of equal magnitude. The left and right walls are subjected to a
periodic boundary condition to approximate an infinite domain in the x-direction. The flow
field is then coupled with the magnetic field and simultaneously solved using the Magnetic
fields, no current interface from the AC/DC module. Finally, following the creation of
mesh using free triangular elements, a PARDISO solver with nested dissection multithread
algorithm is employed to decipher the computation model.

3.2. GOVERNING EQUATIONS
The underlying physics of a multi-phase flow field involving two immiscible, isothermal, and viscous fluids under the presence of a magnetic field is typically governed by the
incompressible Navier-Stokes equations:

∇ · u = 0,

(5)

and
𝜌

𝐷u
= −∇𝑝 + ∇ · [𝜂(∇u + (∇u)𝑇 )] + F𝜎 + F𝑚 .
𝐷𝑡

(6)

𝐷u
In Equation (6),
represents the total derivative of the velocity field u, which can be
𝐷𝑡
𝜕u
expanded as
+ u · ∇u. The force related to pressure is defined by 𝑝, while the interfacial
𝜕𝑡
tension and magnetic forces are denoted by F𝜎 and F𝑚 , respectively.
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A Dirac delta function 𝛿 is used to calculate the interfacial tension force F𝜎 :

F𝜎 = ∇ · [𝜎{I + (−nn𝑇 )}𝛿],

(7)

where the level set function 𝜙 is utilized to approximate the Dirac delta function 𝛿 as:

𝛿 = 6|𝜙(1 − 𝜙)||∇𝜙|.

(8)

Also, Equation (7) involves a interfacial tension coefficient 𝜎, and I denotes the secondorder identity tensor, while Equation (2) is used to find out the unit normal to the interface
n.
The application of a uniform magnetic field generates a magnetic stress tensor 𝝉 𝑚 ,
and using 𝝉 𝑚 , the magnetic force F𝑚 can be formulated as [Rosensweig, 1985]:

F𝑚 = ∇ · 𝝉 𝑚 = ∇ · (𝜇HH −

𝜇 2
𝐻 I),
2

(9)

where 𝐻 is the magnitude of the magnetic field H (i.e., 𝐻 = |H|), and 𝜇 is the permeability
of the flow domain involving two fluid phases. In addition to the Maxwell equations,
the calculation of the magnetic stress tensor 𝜏𝑚 requires a detailed understanding of the
constitutive relationship between several important magnetic parameters, such as, magnetic
field H, magnetization M, and magnetic induction B, which are as follows [Stratton, 2007]:

∇ · B = 0,

∇ × H = 0,

M = 𝜒H,

and

B = 𝜇0 (H + M) = 𝜇0 (1 + 𝜒)H, (10)

where the physical constant 𝜇0 denotes the magnetic permeability in a classical vacuum,
which equals to 4𝜋 × 10−7 N/A2 . The gradient of a scalar potential 𝜓 constitutes a curl-free
magnetic field H (i.e., H = −∇𝜓), and accordingly it can be written as:

∇ · (𝜇∇𝜓) = 0.

(11)
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Now, in order to non-dimensionalize the governing equations, the length of the flow
domain is scaled by the radius of the droplet in undeformed condition 𝑅0 , whereas shear
rate 𝛾¤ is used as a scaling parameter for time (i.e., 𝑡★ = 𝑡 𝛾).
¤ Other dimensionless groups
are as follows:

𝑝∗ =

𝑝
𝜂
𝜌
𝜇
Δ𝑋
Δ𝑌
H
, 𝜂∗ = , 𝜌 ∗ = , 𝜇∗ = , Δ𝑋 ∗ =
, Δ𝑌 ∗ =
, and H∗ =
.
𝜂 𝛾¤
𝜂𝑐
𝜌𝑐
𝜇0
2𝑅0
2𝑅0
𝐻0

Accordingly, the incompressible Navier-Stokes Equations (5) and (6), in terms of dimensionless groups can be rewritten as:

∇∗ · u∗ = 0,

Re

𝐷u∗
𝜌∗ ∗
𝐷𝑡



= −∇∗ 𝑝 ∗ + ∇∗ · 𝜏 ∗ + 2

(12)
Bo𝑚 ∗ ∗
1 ∗
∇ · 𝝉𝑚 +
F .
Ca
Ca 𝜎

(13)

The nondimensionalization of governing Equations (5) and (6) results in the formation of three most important dimensionless groups: Reynolds number Re, magnetic
bond number Bo𝑚 , and capillary number Ca, which ultimately control the overall droplet
dynamics in the computational domain and are as follows:
𝜌𝑐 𝑅0 2 𝛾¤
,
Re =
𝜂𝑐

(14)

𝜂𝑐 𝑅0 𝛾¤
,
𝜎

(15)

𝑅0 𝜇 0 𝐻0 2
.
2𝜎

(16)

Ca =
and
Bo𝑚 =

The other dimensionless parameters are denoted by the superscript ∗, whereas the permeability ratio 𝜁 and viscosity ratio 𝜆 are written as:

𝜁=

𝜇𝑑
,
𝜇0

and 𝜆 =

𝜂𝑑
.
𝜂𝑐

(17)

93
In this task, we will focus on investigating the effects of some important dimensionless groups, i.e., Ca, Bo𝑚 , 𝛼, and Δ𝑌 ∗ on the pairwise interaction between ferrofluid
droplets in the Stokes flow regime (i.e., Re . 0.03).

4. RESULTS AND DISCUSSIONS
4.1. VALIDATION OF THE NUMERICAL MODEL
In order to check the reliability of our results, we validated the numerical model
against the prevalent works in the literature. Figure 2(a) represents the time evolution
of the collision and coalescence of a pair of ferrofluid droplets in a simple shear flow
at Re = 0.0002 and Ca = 0.0037. The vertical and horizontal separation distances are
considered as Δ𝑌 ∗ = 0.16 and Δ𝑋 ∗ = 1.35, respectively, and the results qualitatively
agree well against the experimental findings of Chen et al. [Chen et al., 2009]; however,
the coalescence angle in our model is found to be different compared to the experimental
findings. This disparity can be attributed to the the two-dimensional nature of the numerical
simulation. Also, in the experiments, the magnitude of the Reynolds number was below
1 × 10−7 and the horizontal distance Δ𝑋 ★ was considered as 1.6, while it is considered
as 1.35 in our numerical work to save some computational time. The deformation of the
droplets at small and large capillary numbers is also validated against the theories given by
Taylor [Taylor, 1932, 1934] and Cox [Cox, 1969], which is shown in Figure 2(b) and (c),
respectively. Additionally, Figure 2(d) shows the comparison of the droplet trajectories in a
confined simple shear flow at a moderately higher Reynolds number against the numerical
findings of Chen and Wang [Chen and Wang, 2014], while droplet deformation during
passing-over motion at Re ≤ 0.03 and Ca = 0.1 is plotted against the experimental and
numerical findings of Wang et al. [Wang et al., 2016] in Figure 2(e), and all these results
quantitatively agree very well with the existing findings in the literature.

94

(a)

(b)

(c)

(d)

(e)

Figure 2. Validation of the numerical model. (a) Time evolution of the collision and
coalescence of a pair of ferrofluid droplets in simple shear flows at Re = 0.0002, Ca =
0.0037, Δ𝑌 ∗ = 0.16, Δ𝑋 ∗ = 1.35, and 𝜆 = 1.1; (b) Deformation at small Ca; (c) Deformation
at large Ca; (d) Droplet trajectories in a simple shear flow at Re = 0.2, Ca = 0.2, and
𝑅0 /𝐻𝑑 = 0.15; and (e) Droplet deformation during passing-over motion at Re ≤ 0.03
and Ca = 0.1 where A, C, and S denote the approach, collision, and separation stages,
respectively.

95
4.2. DROPLET PAIR INTERACTION IN SHEAR FLOWS
Taylor [Taylor, 1932, 1934] found out that under a simple shear flow droplets deform,
and the droplet deformation in the limit of Stokes flow can be elucidated as:

𝐷=

𝐿 − 𝐵 19𝜂 𝑑 + 16𝜂𝑐
=
Ca,
𝐿 + 𝐵 16𝜂 𝑑 + 16𝜂𝑐

(18)

where Ca denotes the capillary number (Equation 15). Moreover, existing works in the
literature [Baldessari and Leal, 2006, Chen et al., 2009] show that when two droplets
are suspended in a simple shear flow, they either coalesce or slide over each other, and
the outcome of the collision between the pair of droplets is determined by the capillary
number, which also has a positive correlation with droplet deformation. In this section,
first, the interaction between a pair of droplets is investigated at small capillary numbers
(i.e., Ca ≤ 0.24).
Figure 3 shows the time evolution of collision and coalescence of a pair of droplets
in a simple shear flow at low capillary numbers. The other parameters in this study are
considered as Δ𝑌 ∗ = 0.8, Δ𝑋 ∗ = 4, and 𝜆 = 1. From Figure 3, it can be seen that with the
increase in the capillary number, the deformation of the droplet increases, which in turn
aids the droplets to approach each other in a shear flow and form a rotating droplet pair.
Concurrently, as the droplets proceed into close contact with each other, their interfaces
flatten, and the fluid film between the droplets starts to drain. Eventually, when the fluid
film becomes thin enough, the van der Waals intermolecular forces dominate and cause the
fluid film to rupture, which ultimately contributes to droplet coalescence. In both cases, a
coalescence is observed between the droplets, although the orientation angle of the droplets
before the coalescence appears to be significantly different from each other as the shear rate
increases. In order to have a better understanding of the orientation of the droplets during
coalescence, a coalescence angle 𝜃 𝑐 can be quantified as the angle in the clockwise direction
from the negative 𝑥-axis to the the axis connecting the centroids of the droplets just before
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(a)

(b)

Figure 3. Time evolution of collision and coalescence of droplets under low shear rates at
Re ≤ 0.03, Δ𝑌 ∗ = 0.8, Δ𝑋 ∗ = 4, and 𝜆 = 1. (a) Ca = 0.15; and (b) Ca = 0.23.
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the coalescence. Also, the steady state shape of the droplet after coalescence increases
with the increase of the capillary number due to the enhanced deformation of the individual
droplets at increasing shear rates, while the equilibrium orientation angle decreases.
The collision and coalescence phenomena between two droplets at small capillary
numbers can be better explained by the velocity contours in the computational domain.
Figure 4(a) depicts the velocity contours at Ca = 0.15, which shows that as time progresses,
the deformed droplets start to approach each other and give rise to a vortex in between the
two droplets. Eventually, when the droplets come close enough, the vortex between the
droplets combines with the small vortices at the lower ends of the droplets, resulting in a
larger vortex, which is then shared between the two droplets. Subsequently, the circulation
inside the larger vortex contributes in bringing the droplet interfaces even closer, which
then activates the van der Waals interaction forces to promote coalescence.
Figure 4(b) represents the trajectory of the droplets at small capillary numbers
before coalescence, while the coalescence angles at different capillary numbers are plotted
in Figure 4(c). From Figure 4(b), it can be seen that the droplets follow a similar kind of
trajectory at all capillary numbers; however, with an increase in the shear rate, the vertical
distance between the droplets increases during the approaching stage. Also, at higher shear
rates, the droplets migrate further before coalescence, compared to the droplets at smaller
shear rates, which increases the coalescence angle in bulk conditions (Figure 4(c)). These
results are also similar to the results observed in the existing literature for pure extensional
flow [Borrell et al., 2004, Yoon et al., 2005]. The major reason behind these phenomena
can be attributed to the dependence of the drainage rate on the interaction force. Higher
shear rates contribute to an increased droplet deformation due to the presence of greater
hydrodynamic forces, which enlarges the the extent of contact area between the two droplets
and minimizes the film thinning rate.
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(b)
(a)

(c)

Figure 4. Interaction between a pair of droplets in shear flows at Re ≤ 0.03, Δ𝑌 ∗ = 0.8,
Δ𝑋 ∗ = 4, and 𝜆 = 1. (a) Velocity contours at Ca = 0.15; (b) Trajectory of droplets at small
capillary numbers Ca; and (c) Coalescence angle 𝜃 𝑐 vs Ca.

Figure 5. Trajectory of droplets under high shear rates at Re ≤ 0.03, Δ𝑌 ∗ = 0.8, Δ𝑋 ∗ = 4,
and 𝜆 = 1.
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Now, we investigate the interaction phenomena between the droplet pair at moderately large capillary numbers (i.e., Ca > 0.3) . Figure 5 shows the trajectory of droplets
under high shear rates at Re ≤ 0.03 and 𝜆 = 1. Here, the same initial vertical and horizontal
separation distance between the droplets are maintained as small capillary number cases.
From Figure 5, it can be seen that the droplets slide over each other at all representative
capillary numbers, since under these shear rates the droplets undergo greater deformation,
and their interfaces flatten even more during approach, which makes the thinning of the
fluid film difficult over the time of the collision. Also, at a specific capillary number, the
vertical separation between the droplets decreases during the approach stage, and as soon
as the droplets come into clear contact, they start to rotate over each other, which results
in a sharp increase in the vertical offset between them. Subsequently, this vertical offset
reaches a maximum point during the rotation and reaches an equilibrium position after the
separation, which is clearly higher than the initial position before collision. These results
are also in good agreement with the experimental [Chen et al., 2009] and numerical [Chen
and Wang, 2014] findings in the literature. Furthermore, these different trajectories of the
droplets at variable shear rates suggest that there exists a critical capillary number where the
droplets exhibit sliding-over motion, instead of coalescing, and from numerical simulations,
the critical capillary number is found to be approximately 0.25 (i.e., Ca𝑐𝑟 ≈ 0.25).
The velocity and pressure fields are useful in providing deep insights into the
hydrodynamic pairwise interaction between two droplets in a simple shear flow. Figure
6 shows the transient velocity and pressure contours of the passing over motion of a pair
of ferrofluid droplets at Re ≤ 0.03, Ca = 0.38, and 𝜆 = 1. From Figure 6(a), it can be
seen that two distinct types of velocity streamlines exist in the flow domain. One is called
the passing-over streamlines, which are present throughout the major portion of the flow
domain, i.e., top and bottom region of the flow domain. Another one is called the reversing
streamlines, which is left behind the deformed droplets during the approach stage around
the center of the flow domain. Moreover, during the approach stage, major portions of the
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(a)

(b)

Figure 6. Time evolution of the passing-over motion of a pair of ferrofluid droplets in simple
shear flows at Re ≤ 0.03, Ca = 0.38, and 𝜆 = 1. (a) Local velocity contours; and (b) Local
pressure contours.
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droplets on the upper and bottom region of the flow domain are exposed to the passing-over
streamlines, which in turn generates a drag force that aids the droplets in going through
a passing-over motion during the pairwise interaction of the droplets. Additionally, from
Figure 6(b), it can be seen that due to the presence of shear, the droplets start to transform
into ellipsoidal shapes, which consequently give rise to high pressure regions on the ends
of the droplets along the major axis due to the surface tension effect that tends to keep
the droplets spherical in shape (𝑡 ∗ = 2). As the droplets approach each other, the pressure
in the matrix liquid between the droplets rises and navigates the matrix liquid towards
the low pressure regions, which in turn contributes to the thinning of the lubrication film
between the droplets. Eventually, the interfaces of the droplets flatten more due to the
presence of the high pressure gradient along the interfaces of the droplets (𝑡 ∗ = 5.5).
Afterwards, during the separation stage, the droplets start recoiling again into ellipsoidal
shapes, followed by a thicker lubrication film, which drastically reduces the pressure in the
fluid film between the droplets (𝑡 ∗ = 8). Moreover, this large pressure gradient in the fluid
film is responsible for generating high curvature tips at the ends of the droplets. Also, no
change in the pressure field is observed after the complete separation of the droplets, where
the hydrodynamic interaction between the droplets becomes negligible. These results are
also in good qualitative agreement with the numerical findings of Chen et al. [Chen and
Wang, 2014].
Finally, the evolution of droplet deformation parameter 𝐷 at different capillary
numbers are plotted in Figure 7. From Figure 7(a), it can be seen that during coalescence,
the droplet deformation continues to increase during the approach stage and then reaches
a minimum during the merging stage. Subsequently, after coalescence, the droplet reaches
a steady state deformation, which also increases with the increase of the capillary number.
Also, in the passing-over region (Fig. 7(b)), the droplet follows an analogous deformation
trend, except in this case a second maximum appears during the separation stage, which is
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(a)

(b)

Figure 7. Deformation D vs time. (a) Coalescence region; and (b) Passing-over region.

also in qualitative agreement with experimental findings of Guido and Simeone [Guido and
Simeone, 1998]. Nevertheless, the different results show that the capillary number plays a
crucial role in the pairwise interaction of the droplets in a simple shear flow.

4.3. TRAJECTORY OF DROPLET PAIRS UNDER THE EFFECT OF MAGNETIC
FIELD
Electric and magnetic fields introduce a mismatch in the normal stress distributions
along the interface of the droplets due to the additional Maxwell stresses, which in turn offers
the possibility of inducing topological changes on the interface of the droplets. Recently,
Santra et al. [Santra et al., 2019] investigated the electro-hydrodynamic interactions between
two droplets in a shear flow under confinement and observed two varieties of motions,
i.e., reversing motions and passing-over motions in the flow domain. In this section,
we investigate the effect of uniform magnetic fields on the trajectory of the droplet pairs
in a simple shear flow along several specific directions. The capillary number is kept
constant (i.e., Ca = 0.15) throughout the rest of the study, while the initial horizontal and
vertical separation distance are considered as Δ𝑋 ∗ = 4 and Δ𝑌 ∗ = 0.8, respectively, unless
mentioned otherwise.
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(a)

(b)

(d)

(c)

(e)

Figure 8. Effect of magnetic field strengths at 𝛼 = 0◦ , Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1.
(a) Time evolution of velocity contours at Bo𝑚 = 2.09; (b) Trajectory of droplets; (c)
Coalescence angle 𝜃 𝑐 vs Bo𝑚 ; (d) Steady state deformation 𝐷 𝑓 vs Bo𝑚 ; and (e) Steady state
orientation angle 𝜃 𝑓 vs Bo𝑚 .
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4.3.1. 𝜶 = 0◦ . Figure 8 shows the effect of magnetic field strengths applied along
the flow direction (i.e., 𝛼 = 0◦ ) at Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1. Figure 8(a) shows
that as soon as the magnetic field is applied (i.e., Bo𝑚 = 2.09), the droplets start to align
themselves along the direction of the magnetic field with increased deformation, compared
to the deformation in a simple shear flow alone. Also, as the orientation angle of the
droplets reaches closer to 0◦ , the droplets follow the streamlines of the flow field more,
which in turn generates a smaller vortex between the droplets. Additionally, with increased
deformation the droplets approach each other faster, except in this case they do not undergo
any rotational motion before coalescence. This is due to the droplets being more aligned
with the flow field, which ultimately induces a reduction in the coalescence angle.
Figure 8(b) represents the trajectory of the droplets before coalescence, which
further shows that an increase in magnetic field strength results in a decrease in the vertical
separation distance between the droplets during the approach stage. Also, due to the
increased deformation at higher magnetic field strengths, the droplets coalesce faster with
a decreasing magnitude in coalescence angles (Figure 8(c)). Moreover, the coalescence
angle reaches a saturation point around Bo𝑚 = 4. Furthermore, after the droplets coalesce,
the steady state deformation of the droplet increases with an increase in the magnetic field
strength (Figure 8(d)), while the orientation angle decreases (Figure 8(e)), which are also
consistent with our previous findings [Hassan et al., 2018].
4.3.2. 𝜶 = 45◦ . Now, the magnetic field is applied along 45◦ (i.e., 𝛼 = 45◦ ) to
investigate its effect on the interaction between two droplets, suspended in a shear flow.
Figure 9 illustrates the trajectory of the droplets at Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1. It
can be seen that irrespective of the magnetic field strength, the droplets exhibit a reversing
motion. Also, with the increase in magnetic field strength, the horizontal separation
distance between the droplets increases due to the increased size of the width of the vortices
between the droplets at higher magnetic field strengths. Moreover, after the separation stage
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Figure 9. Trajectory of droplets under the effect of magnetic field strengths at 𝛼 = 45◦ ,
Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1.

the droplets migrate further in the flow domain as the magnetic field strength increases,
resulting in an increased vertical separation distance between the droplets at higher magnetic
field strengths.
The reversing motion of the droplets can be better explained by the local velocity
and pressure contours at Bo𝑚 = 2.09, illustrated in Figure 10. Similar to the passing-over
motion described in the previous section (Figure 6), in Figure 10(a) as soon as the magnetic
field is applied, the droplets turn into an ellipsoidal shape and align themselves along
the direction of the magnetic field. Eventually, during the deformation process along the
magnetic field direction, most of the volume of the drop is trapped into the reversing flow
streamlines of the matrix liquid, which is left behind by the droplets in the approach stage
along the center of the computational domain. This droplet entrainment into the reversing
flow streamlines plays a crucial role in the reversing motion of the droplets. Furthermore,
from Figure 10(b), it can be seen that as the droplets approach each other, the pressure in
the matrix liquid between the droplets builds up; however, the pressure difference during
the collision stage in the reversing motion appears smaller than the pressure difference in
the passing over motion, resulting in a less flattened droplet interfaces. Also, during the
separation stage the droplets are highly stretched at the ends along the major axis with larger
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(a)

(b)

Figure 10. Time evolution of the reversing motion of a pair of ferrofluid droplets under the
effect of magnetic field strengths at 𝛼 = 45◦ , Bo𝑚 = 2.09, Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1.
(a) Local velocity contours; and (b) Local pressure contours.
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(a)

(b)

Figure 11. Interaction phenomena between a pair of droplets under uniform magnetic field
strengths at 𝛼 = 90◦ , Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1. (a) Trajectory of droplets; and (b)
Coalescence angle 𝜃 𝑐 vs Bo𝑚 .

curvature, compared to the droplet interface curvature in the passing-over motion, which is
also consistent with the inverse relationship of the pressure gradient at the droplet interface
with the radius of interface curvature, according to Young-Laplace equation.
4.3.3. 𝜶 = 90◦ . Finally, we apply the magnetic field perpendicularly to the direction
of flow field (i.e., 𝛼 = 90◦ ). Figure 11 shows the interaction phenomena between a pair of
droplets under uniform magnetic field strengths at Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1. Figure
11(a) suggests that with the increase in the magnetic field strength up to Bo𝑚 = 3.72, the
droplets undergo a passing-over motion and eventually coalesce with one another; however,
at a higher magnetic field strength (i.e., Bo𝑚 = 5.81), the droplets exhibit reversing motion.
Also, during the approach stage in the passing-over motion, the vertical separation distance
between the droplets decreases with the increase in the magnetic field strength, while
it increases during the collision stage before coalescence, which consequently increases
the magnitude of the coalescence angle, illustrated in Figure 11(b). Moreover, the results
suggest that at 𝛼 = 90◦ , a critical magnetic bond number exists where the droplets experience
reversing motion instead of coalescence, which is considered to be approximately 3.9 (i.e.,
Bo𝑐𝑟 ≈ 3.9).
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(a)

(b)

Figure 12. Local velocity contours under the effect of magnetic field strengths at 𝛼 = 90◦ ,
Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1. (a) Bo𝑚 = 3.72; and (b) Bo𝑚 = 5.81.
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Figure 12(a) represents the local velocity contours for one of the scenarios when the
droplets undergo coalescence at Bo𝑚 = 3.72, while Figure 12(b) shows the velocity contours
for the reversing motion at Bo𝑚 = 5.81. From Figure 12(a), it can be seen that with the
application of the magnetic field, the droplets tend to align themselves along the direction
of the magnetic field with increased deformation, resulting in a vortex between the droplets.
Moreover, as the droplets approach each other, most of the volume of the droplet is exposed
to the passing over streamlines (𝑡★ = 7.6), which in turn generates a rotational motion
between the pair of droplets. Eventually, when the droplet interfaces get closer, it activates
the van der Waals molecular attraction forces, which ultimately leads to coalescence. On
the other hand, Figure 12(b) shows that as the droplets undergo greater deformation with
increased magnetic field strength, a larger volume of fluid is trapped between them during
the approach stage, generating a larger vortex between the droplets (𝑡★ = 1.6). As a result,
most of the parts of the droplets are entrained into the reversing streamlines, which leads to
the reversing motion. Overall, the different results along the mentioned arbitrary directions
indicate that it is possible to induce either passing-over motion or reversing motion between
a pair of droplets in a simple shear flow even at a capillary number where only coalescence
is observed.

4.4. EFFECT OF VERTICAL SEPARATION ON THE TRAJECTORY OF DROPLET
PAIRS
In addition to the hydrodynamic effects, the event of a collision between two droplets
is dependent on several other factors at which the intermolecular forces play an important
role in destabilizing the film between two colliding droplets, resulting in a coalescence.
The reliance of these parameters on the critical capillary number can be demonstrated as
[Shardt et al., 2013]:

Ca𝑐𝑟 = Ca𝑐𝑟


2𝑅
.
Re, Δ𝑌 , Δ𝑋 ,
𝐻𝑑
★

★

(19)
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Figure 13. Initial vertical separation effect on the trajectory of the droplets at Re ≤ 0.03,
Ca = 0.15, and 𝜆 = 1.

Keeping the Reynolds number and viscosity ratio fixed (i.e., Re ≤ 0.03 and 𝜆 = 1), in
this section, first, we investigate the effect of vertical separation distance on the interaction
behavior of two droplets in a simple shear flow and then apply a magnetic field along some
specific directions.
Figure 13 shows the effect of vertical separation on the trajectory of droplets at
Re ≤ 0.03, Ca = 0.15, and 𝜆 = 1. It can be seen that the droplets exhibit two distinct types of
interaction behavior at different vertical separation distances, i.e., coalescence occurs when
the magnitude of vertical separation distance is less than or equal to 1 (Δ𝑌 ★ ≤ 1), while
they experience a passing-over motion at Δ𝑌 ★ > 1. Also, with the increase in the vertical
separation distance, in the coalescence region, the coalescence angle increases, while the
droplets migrate further in the flow domain in the passing-over region and eventually find
an equilibrium position after the separation stage at Δ𝑌 ★ > 1.
Figure 14 depicts the time evolution of local velocity contours for two distinct types
of interactions. At Δ𝑌 ★ = 1 (Figure 14(a)), as the droplets approach each other with
increased deformation, a portion of the matrix liquid gets trapped between them, resulting
in a smaller vortex, which with the passage of time ultimately combines with the vortices
at the lower ends of the deformed droplets to cause coalescence. On the other hand, at
Δ𝑌 ★ = 1.4 (Figure 14(b)), with increased vertical separation, a larger portion of fluid
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(a)

(b)

Figure 14. Local velocity contours at Re ≤ 0.03 and Ca = 0.15. (a) Δ𝑌 ∗ = 1; and (b)
Δ𝑌 ∗ = 1.4.
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(a)

(b)

Figure 15. Effect of initial vertical separation under applied magnetic field strengths at
𝛼 = 0◦ , Bo𝑚 = 3.72, and Ca = 0.15. (a) Trajectory of droplets; and (b) Coalescence angle
𝜃 𝑐 vs Δ𝑌 ∗ .

is trapped between the droplets, resulting in a bigger vortex, which eventually prevents
the droplet interfaces from draining the matrix liquid during the collision stage, i.e., the
droplets separate from each other. Also, with the increase in the vertical offset, the ends of
the droplets get more exposed to increased shear rates, creating a greater drag force, which
consequently helps the droplets to migrate further away from each other.
4.4.1. 𝜶 = 0◦ . Now, the magnetic field is applied in a direction parallel to the
direction of the flow (i.e., 𝛼 = 0◦ ) to analyze the magnetic field effect on the droplet
interaction behavior at variable vertical separation distances. Figure 15(a) shows that at a
certain magnetic field strength (i.e., Bo𝑚 = 3.72) along 𝛼 = 0◦ , the horizontal separation
distance between the droplets decreases during the approach stage with the increase in Δ𝑌 ★;
however, the droplets show similar kind of trajectories at all Δ𝑌 ★. This happens because as
the vertical separation increases, the ends of the droplets are exposed to greater shear rates,
resulting in a greater drag force, which pushes the droplets closer to each other during the
approach stage. Also, more fluid in the matrix phase is trapped into the space between the
two droplets, resulting in a stronger vortex. Subsequently, during the approach stage, this
stronger vortex aids in the faster drainage of the film between the two droplet interfaces, and
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(b)

Figure 16. Effect of initial vertical separation on the trajectory of droplets under magnetic
field strengths at Bo𝑚 = 3.72, and Ca = 0.15. (a) 𝛼 = 45◦ ; and (b) 𝛼 = 90◦ .

eventually, due to the faster drainage of the film between the droplet interfaces, an increase
in the magnitude of the coalescence angle is also observed with the increase in the vertical
separation distance Δ𝑌 ★, which is illustrated in Figure 15(b).
4.4.2. 𝜶 = 45◦ , 90◦ . Figure 16(a) illustrates the effect of magnetic field strength,
applied along 45◦ , on the droplet trajectories at variable vertical distance. It can be seen
that the droplets undergo a reversing motion at every Δ𝑌 ★; however, with increasing vertical
separation distance, the droplets migrate further in the flow domain. The major reason
behind this particular phenomenon can be attributed to the formation of a stronger vortex
due to the entrainment of a larger portion of matrix fluid between the droplets, which
ultimately creates a stronger drag force that later aids the droplet in migrating further in the
flow domain. Interestingly, as the vertical separation distance Δ𝑌 ★ increases, the horizontal
separation distance Δ𝑋 ★ between the droplets decreases during the approach stage. Also,
the droplets find an equilibrium position in the domain faster at an increased Δ𝑌 ★ after
going through a reversing motion.
Finally, the magnetic field is applied perpendicularly to the flow domain (i.e.,
𝛼 = 90◦ ) to analyze its effect on droplet interaction behavior at variable vertical separation distances Δ𝑌 ★. From Figure 16(b), it can be seen that irrespective of all Δ𝑌 ★, the
droplets follow a similar kind of trajectory and experience a passing-over motion before
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coalescence. Also, an increased magnitude of Δ𝑌 ★ leads to a delayed coalescence due to the
larger separation distance during the passing-over stage, i.e., coalescence angle increases.
Nevertheless, the results show that coalescence can be either rushed or delayed by applying
magnetic field strength along 𝛼 = 0◦ and 90◦ , respectively, at different vertical separation
distances, while at 𝛼 = 45◦ , increased vertical separation distance leads to a larger droplet
migration in the flow domain.

5. CONCLUSION
At a low Reynolds number (i.e., Re ≤ 0.03), this paper systematically investigates
the ferro-hydrodynamic interaction between two ferrofluid droplets in simple shear flows
under the application of a uniform magnetic field. The findings from the results suggest that
without the presence of any external force fields, at low capillary numbers (i.e., Ca ≤ 0.24),
the droplets experience a passing-over motion and eventually coalesce with one another.
The coalescence angle of the droplets increases with the increase in the capillary number.
Contrarily, if two droplets are suspended in a shear flow at moderately high capillary
numbers (i.e., Ca > 0.3), they exhibit a passing over motion and separate away from each
other. We found that there exists a critical capillary number Ca𝑐𝑟 where the droplets slide
over each other instead of coalescing, and the numerical results suggest this value to be
approximately 0.25 (Ca𝑐𝑟 ≈ 0.25). Additionally, applying a magnetic field in a direction
parallel to the flow direction (i.e., 𝛼 = 0◦ ) at a low capillary number (i.e., Ca = 0.15) results
in faster coalescence of the droplets with a decrease in the magnitude of the coalescence
angle, while along 𝛼 = 45◦ , the droplets experience a reversing motion and separate away
from each other at all magnetic bond numbers Bo𝑚 . Moreover, when the magnetic field is
applied perpendicularly to the flow direction (i.e., 𝛼 = 90◦ ), a passing-over motion leading
to coalescence is observed at low magnetic bond numbers (i.e., Bo𝑚 ≤ 3.72), whereas at a
higher magnetic bond number (i.e., Bo𝑚 = 5.81), the droplets undergo a reversing motion
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and separate away from each other. The critical magnetic bond number Bo𝑐𝑟 at which the
droplets show this reversing motion behavior instead of a passing motion behavior along
◦

𝛼 = 90◦ is found to be approximately 3.9 (i.e., Bo90
𝑐𝑟 ≈ 3.9).
Furthermore, we investigated the effect of initial vertical separation distance on the
trajectories of the droplets in a simple shear flow at a small capillary number (i.e., Ca = 0.15)
and found that the droplets coalesce when they are initially separated through a distance
Δ𝑌 ★ ≤ 1, whereas they separate away from each other following a passing-over motion at
Δ𝑌 ★ > 1. Moreover, when a particular magnetic field strength (i.e., Bo𝑚 = 3.72) is applied
to the flow domain along 𝛼 = 0◦ , an increase in the vertical separation distance Δ𝑌 ★ aids in
faster coalescence of the droplets, while along 𝛼 = 90◦ , an increase in the vertical separation
distance Δ𝑌 ★ delays coalescence. In contrast, application of a magnetic field along 45◦ at
an increased vertical separation distance Δ𝑌 ★ results in further migration of the droplets in
the flow domain. Overall, these results indicate the usefulness of a uniform magnetic field
as a potential tool for controlling the interaction behavior of the droplets in a shear flow,
which is relevant to various microfluidics applications and polymer processing.
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ABSTRACT
Magnetic digital microfluidics is advantageous over other existing droplet manipulation methods, which exploits magnetic forces for actuation and offers the flexibility of
implementation in resource limited point-of-care applications. This article discusses the
dynamic behavior of a pair of sessile droplets on a hydrophobic surface under the presence of a permanent magnetic field. A phase field method based solver is employed in a
two-dimensional (2D) computational domain to numerically capture the dynamic evolution
of the droplet interfaces, which again simultaneously solves the magnetic and flow fields.
On a superhydrophobic surface (i.e., 𝜃 𝑐 = 150◦ ), the non-uniform magnetic field forces the
pair of sessile droplets to move towards each other, which eventually leads to a jumping off
phenomenon of the merged droplet from the solid surface after coalescence. Also, there
𝑐𝑟
exists a critical magnetic Bond number Bo𝑚
, beyond which no coalescence event between

droplets is observed. Moreover, on a less hydrophobic surface (𝜃 𝑐 ≤ 120◦ ), the droplets
still coalesce under a magnetic field; although, the merged droplet does not experience any
upward flight after coalescence. Also, the merging phenomenon at lower contact angle
values (i.e., 𝜃 𝑐 = 90◦ ) appears significantly different than at higher contact angle values
(i.e., 𝜃 𝑐 = 120◦ ). Additionally, if the pair of sessile droplets is dispersed to a different
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surrounding medium, the viscosity ratio plays a significant role in the upward flight of the
merged droplet where the coalesced droplet exhibits increased vertical migration at higher
viscosity ratios.
Keywords: Magnetic properties, Hydrophobicity, Interfaces, Contact angle, Liquids

1. INTRODUCTION
Digital microfluidics deals with the behavior of sessile droplets on an open surface
and in combination with emulsion microfluidics are crucial building blocks of droplet-based
microfluidics, which has been prevalent as a well established research field in the literature
for over a decade now. One of the main advantages of digital microfluidics over emulsion
microfluidics (also known as continuous-flow droplet based microfluidics) is that emulsion
microfluidics requires an external pumping mechanism to attain continuous generation of
droplets through a closed microfluidic channel, whereas in digital microfluidics, manipulation of droplets takes place on an open plain surface without any confinement, which in turn
enables droplets to act as independent virtual reactors that are often utilized in point-of-care
diagnostics, which require synthesis of hazardous materials [Javed et al., 2014, Keng et al.,
2012] or preparation of complex samples [Choi et al., 2013, Ng et al., 2015, Pipper et al.,
2007, 2008] and cell-based assays [Choi et al., 2012].
In general, the dynamic motion of a sessile droplet on a substrate can be exploited
using gravity, given the fact that the droplet volume is large enough, which further can be
magnified through an increase in the tilting angle or the hydrophobicity of the substrate,
whereas surface tension plays a crucial role in the dynamics of smaller volume droplets.
However, since gravitational and surface tension forces pose significant limitations, droplets
in digital microfluidics can be actuated through other mechanisms, such as, electrowetting on
dielectric [Cho et al., 2003, Fair, 2007, Nelson and Kim, 2012], magnetic [Chiou et al., 2013,
Lehmann et al., 2006b, Zhang et al., 2013, Zhang and Wang, 2013], and surface acoustic
waves [Ding et al., 2013, Wang and Zhe, 2011]. Among the above mentioned mechanisms,
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electrowetting on dielectric (EWOD) is the most popular one, which is capable of splitting
and dispensing droplets, but requires electrodes to work that in turn provides little flexibility
in operations. In contrast, magnetic actuation does not require any external sources and
offers manual control, which is critical in resource limited environmental applications
where availability of electricity is not always guaranteed. Another great advantage of
magnetic actuation is its higher tolerance to liquid properties, while electrowetting actuation
is massively dependent on the permittivity, conductivity, and surface tension of the liquid,
which requires higher driving voltage in manipulation operations [Choi et al., 2012]. An
in-detailed description on the advantages of magnetic actuation over electrowetting on
dielectric (EWOD) actuation is provided by Zhang and Nguyen [Zhang and Nguyen, 2017].
Dual functionality of magnetic particles is one of the most striking features in
magnetic actuation based digital microfluidics where the magnetic particles, in addition to
droplet actuation, functions as solid substrate for molecule adsorption. Pipper et al. [Pipper
et al., 2007] found out that under the exposure to magnetic forces, droplets containing
silica-functionalized superparamagnetic particles are capable of identifying pathogenic
avian influenza virus (H5N1) on a throat swab sample. Moreover, Long et al. [Long et al.,
2009] investigated the particle extraction behavior of droplets and realized that the magnetic
particles’ mass and movement speed of permanent magnet play a decisive role in the
manipulation of droplets, leading to breakup under certain operating conditions, while the
effects of different hydrophobic surfaces on the magnetic actuated motion of droplets are
analyzed by Mats et al. [Mats et al., 2015] Kim et al. [Kim et al., 2015] proposed a magnetic
beads droplet immunoassay microfluidic platform that is extremely sensitive to the detection
of oligomer A𝛽 for Alzheimer’s disease and simultaneously simplifies the enzyme-linked
immunosorbent assay (ELISA) process. Similar investigations on ELISA process are also
performed by several other authors where the magnetic particles are treated with antibodies
to capture the target molecules [Park et al., 2016, Shikida et al., 2006].
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Droplet manipulation in microfluidics applications is usually accomplished either
by controlling the behavior of magnetic particles by a permanent magnet or an array of
electromagnets that consists of micro coils. Okochi et al. [Okochi et al., 2010] controlled
droplets with magnetic particles by placing a permanent magnet below the channel surface
and achieved coalescence with a lysis buffer droplet, while a simple configuration of total
RNA extraction droplet array is presented by Shi et al. [Shi et al., 2015a], which facilitates
the transportation of magnetic beads through buffer solutions. In contrast, several other
analytical and numerical studies [Beyzavi and Nguyen, 2008a,b, Lehmann et al., 2006a,b,
Rida et al., 2003] implemented micro coils as electromagnets in order to achieve controlled
transportation of magnetic droplets; however, one of the major issues arises as a result
of using electromagnets, which is known as Joule heating, and in turn requires a cooling
mechanism to mitigate the heating effect [Chiou et al., 2013].
Ferrofluids are another examples of liquid magnet, which contain colloidal suspensions of magnetic nanoparticles in a carrier fluid and experience deformation under
the exposure to magnetic fields [Hassan and Wang, 2019, 2020a,b, Hassan et al., 2018,
2021, Zhang et al., 2019]. Also, due to the uniform distribution of magnetic nanoparticles,
ferrofluids can be transported to different locations for liquid phase reactions [Bitar et al.,
2014] and are conventionally used as sealant [Raj and Moskowitz, 1990] in hard drives and
coolant in loudspeakers [Mary et al., 2010]. Nguyen et al. [Nguyen et al., 2010] conducted
experiments on the motion of a droplet under a moving permanent magnetic field and derived a critical velocity, above which the droplet fails move with the same velocity as the
moving magnet. Moreover, Beyzavi and Nguyen demonstrated one-dimensional [Beyzavi
and Nguyen, 2008b] and two-dimensional [Beyzavi and Nguyen, 2009] manipulation of
ferrofluid droplet using micro coil arrays and found that a small magnetic field gradient is
enough to induce movement in a ferrofluid droplet, while Egatz-Gómez et al. [Egatz-Gómez
et al., 2006] observed coalescence between two water drops under a moving permanent
magnetic field.
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Droplet coalescence is an event where two or more droplets, following large deformations and rupture of the interface separating the droplets, merge into one single droplet
upon contact. Moreover, this coalescence process is critical to the understanding of a range
of science and engineering applications, including raindrop formation in clouds [Kovetz and
Olund, 1969, Menchaca-Rocha et al., 2001], sintering in metallurgy [Bellehumeur et al.,
1996], and spray painting/coating [Ashgriz, 2011, Madejski, 1976]. In these applications,
the coalescence rate of adjacent drops plays a vital role in the determination of the material
properties of the solidified precursor. More importantly, coalescence of drops is an integral
step in controllable droplet-based functions in microfluidics, such as micro-mixing [Cho
et al., 2003, Geng et al., 2017] and micro-reaction [Bithi et al., 2014, Guo et al., 2012] in
lab-on-a-chip devices where advective mixing during coalescence is used to control chemical and biological assays. Several numerical studies on the coalescence of sessile droplets
have also been reported in the literature [Cheng et al., 2016, Liu et al., 2014a, Nam et al.,
2013]. Shi et al. [Shi et al., 2015b] implemented a lattice Boltzmann method to analyze
the coalescence pattern of droplets on a textured surface and found that surface roughness
affects the jumping phenomenon of merged droplet. Liu et al. [Liu et al., 2014b] performed
an investigation on the coalescence induced self-propelled jumping behavior of droplets on
a patterned hydrophobic surface, while a similar analysis is conducted by Wang et al. [Wang
et al., 2019]. Recently, Liu and Liu [Liu and Liu, 2019] have succeeded in transporting a
sessile droplet to different locations along a hydrophobic surface through the application
of an electric field. However, the current numerical studies in the literature only focused
on larger sized droplets [Cheng et al., 2016, Liu et al., 2014a] so that gravitational forces
can induce coalescence between droplets that are initially placed in contact with each other
or droplets on patterned surfaces [Liu et al., 2014b, Shi et al., 2015b]. Moreover, as per
our knowledge, till now, no one has ever performed numerical analyses on the dynamic
behavior of micro-meter sized droplets (where gravitational forces are negligible in compared to viscous forces) on an open surface under the presence of magnetic fields that will
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be useful to a wide range of microfluidics applications, including biological and chemical
assays [Berthier, 2012, Bitar et al., 2014, Du et al., 2013, Garcia-Cordero and Fan, 2017,
Ma et al., 2016, Nguyen et al., 2010, Ueda et al., 2012, Zhu et al., 2013, 2015]. As a
result, in this article, we numerically investigate the dynamics of a pair of sessile droplets
on a hydrophobic surface under the effect of a permanent magnetic field, which ultimately
leads to coalescence induced jumping/ no jumping phenomenon under certain operating
conditions. Here, a two-dimensional (2D) computational scheme is adopted, which is
widely proven to capture the dynamic evolution of droplet interface with great precision,
while minimizing the use of a considerable amount of computational resources [Hassan and
Wang, 2019, 2020a,b, Hassan et al., 2018, Zhang et al., 2019], which further facilitates in
the investigation on the effects of a wide range of parameters i.e., magnetic field strength,
contact angle, and viscosity ratio on the dynamics of droplets on hydrophobic surfaces.
The paper is organized as follows: In Numerical model section, we depict the numerical setup of the computational model, while an in-detailed description of the computational
algorithm and governing equations are provided in Numerical method section. Next, the
effects of different parameters i.e., magnetic field strength, contact angle, and viscosity ratio
on the dynamic behavior of a pair of sessile droplets are explained in Results and discussions, which is subsequently followed by the validation of numerical model and behavior
of droplets under a solitary magnetic field. Finally, the critical findings are summarized in
Conclusion section. Additionally, the efficacy of the phase field method in conserving the
mass of droplet and grid independence check is provided in the supporting information.

2. NUMERICAL MODEL
Figure 1 depicts the graphical representation of a pair of sessile ferrofluid droplets
dispersed in another fluid medium under a permanent magnetic field, H0 . In this investigation, both fluid phases (i.e., continuous and droplet phases) are treated as immiscible,
viscous, and Newtonian fluids. In the beginning, the droplet phase is considered equally
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Figure 1. Graphic representation of a pair of sessile ferrofluid droplets dispersed in an
immiscible and viscous continuous fluid phase under a permanent magnetic field, H0 .

dense and viscous as the continuous phase (i.e., 𝜌 𝑑 = 𝜌𝑐 and 𝜂 𝑑 = 𝜂𝑐 ), where the subscripts
𝑑 and 𝑐 denote the droplet and continuous phases, respectively. Also, the droplet contains
magnetic properties and has a magnetic permeability equal to 5𝜇0 (i.e., 𝜇 𝑑 = 5𝜇0 ), while
the surrounding medium is treated as a non-magnetic fluid (i.e., 𝜇𝑐 = 𝜇0 ). The height of
the computational domain is considered five times the initial radius of the droplet 𝑅0 (i.e.,
𝐻𝑑 = 5𝑅0 ), while the width equals to 5𝐻𝑑 (i.e., 𝑊𝑑 = 5𝐻𝑑 ) to ignore the effect of the side
walls on the dynamic behavior of the droplets.
Initially, a pair of identical ferrofluid droplets with initial radii 𝑅0 are separated by
a distance Δ𝑋0 in the horizontal direction, while maintaining an initial contact with the
solid surface at the bottom interface of the droplet. Next, a permanent magnetic field,
H0 , is applied at the bottom of the droplet domain, which maintains a vertical separation
distance Δ𝑌0 between the top surface of the magnet and bottom wall of the droplet domain.
Also, the distance between the center of the magnet and the centroids of droplets along the
horizontal direction are set equal to each other. Under the combined effects of wetted wall
condition and magnetic field, the wettability of the droplets changes, and the wettability of
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Table 1. Simulation parameters and magnitudes.
Parameter
Channel width
Channel height
Permeability of vacuum
Initial droplet radius
Interfacial tension
Density of droplet phase
Viscosity of droplet phase
Horizontal separation distance
Vertical separation distance
Magnetic permeability of droplet phase
Magnetic permeability of continuous phase

Symbol
𝑊𝑑
𝐻𝑑
𝜇0
𝑅0
𝜎
𝜌𝑑
𝜂𝑑
Δ𝑋0
Δ𝑌0
𝜇𝑑
𝜇𝑐

Value
500
100
4𝜋 × 10−7
20
0.0135
1260
0.105
60
15
5𝜇0
𝜇0

Unit
𝜇m
𝜇m
H/m
𝜇m
N/m
kg/m3
Pa·s
𝜇m
𝜇m
H/m
H/m

the droplets can be characterized by the spreading diameter 𝑏 and apex height ℎ, respectively.
Additionally, as the wettability of the droplets changes, the contact angle 𝜃 𝑐 of the droplets
undergoes a transition, which can be defined as the angle the droplet interface makes with
the outline of the contact surface (horizontal solid surface) and is useful in determining
the surface free energy of a solid material. In order to perform numerical simulations, the
bottom wall of the computational domain is subjected to a wetted wall condition, while a
pressure outlet boundary condition is employed to the top wall to ensure that the droplets
are free from any pressure and velocity gradient effects. The phase field method uses a
condition called “Wetted wall”, which defines the contact angle between the droplets and
bottom substrate in two-phase flows.COMSOL [2018] Additionally, a periodic boundary
condition is applied to the side walls to ensure infinite periodicity in the 𝑥 direction.
Next, a magnetization constitutive relation is applied to the permanent magnet to generate
the magnetic fields. Finally, a finite element method based commercial numerical solver
(COMSOL 5.3) is implemented to capture the dynamic behavior of droplet interfaces
under permanent magnetic fields, which couples both flow and magnetic fields. For the
convenience of the readers, the simulation parameters and the corresponding magnitudes
are listed in Table 1.
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3. NUMERICAL METHOD
3.1. PHASE FIELD METHOD
Multiphase flows, in general, can occur in various forms, such as transition of
liquid phase into vapor phase due to external heating and dispersed flows where one phase
exists in the form of particles, droplets, or bubbles in a continuous phase i.e., liquid or
gas. However, one of the most common difficulties that arises in solving multiphase flow
problems involving droplets is to track the free interface of the droplet that experiences
severe deformation over time under external forces and flow conditions. As a result, a phase
field (PF) method, governed by a Cahn-Hilliard equation, is implemented in our model
to track the diffuse interface of the droplet separating the immiscible fluid phases, which
also provides a greater advantage over level set (LS) method in terms of conserving the
mass of droplets. Note that, the numerical methods involving diffuse interfaces are usually
constructed with an idea that they are not sharp boundaries, rather have finite width and are
distinguished by smooth and rapid transitions in different physical quantities i.e., density,
viscosity etc.
The phase field method involves a dimensionless variable 𝜙 that differentiates different phases, which has a constant value -1 in the bulk phase (i.e., 𝜙𝑐 = −1) and 1 in the
dispersed droplet phase (i.e., 𝜙 𝑑 = 1), followed by a smooth transition between -1 and 1
(i.e., -1< 𝜙 <1) in a hyperbolic tangent or similar manners. When 𝜙 = 0, it defines the exact
interface of the droplet. Since, the Cahn-Hilliard equation involves 4th order derivative,
our finite element method based numerical solver splits the equation into two 2nd order
equations:
𝜕𝜙
+ u · ∇𝜙 = ∇𝛾∇𝐺,
𝜕𝑡


𝜙(𝜙2 − 1)
2
𝐺 = 𝜆 −∇ 𝜙 +
𝜖2

(1)
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where u and 𝐺 denote the flow velocity in the domain (m/s) and chemical potential of
the system, respectively. The parameter 𝛾 represents the mobility (m3 ·s/kg), which also
determines the time scale of diffusion and is related to the thickness of the droplet interface
𝜖 (m) through the following equation:

𝛾 = 𝜒𝜖 2

(2)

where 𝜒 is the mobility tuning parameter (m·s/kg). The mobility parameter 𝛾 needs a
careful handling in the numerical approach so that it is large enough to retain a constant
interfacial thickness but small enough to avoid the over damping of the convective terms.
Moreover, the relationship among the mixing energy density 𝜆, interface thickness 𝜖, and
surface tension coefficient 𝜎 can be expressed through the following equation:
√
2 2𝜆
𝜎=
.
3 𝜖

(3)

In our model, the interface thickness 𝜖 is considered half the maximum mesh size
ℎ𝑚 in the region passed by the droplet interface during its movement along the domain
(i.e., 𝜖 = ℎ𝑚 /2). In phase field method, the volume fractions of different fluid phases are
described as:
𝑉𝑓 1 =

1−𝜙
,
2

𝑉𝑓 2 =

1+𝜙
.
2

(4)

Moreover, since phase field method considers multiphase flow as a single phase flow,
the different properties in the flow domain such as, density (𝜌) and viscosity (𝜂) can be
calculated using volume fractions of fluid phases as:

𝜌 = 𝜌𝑐 + (𝜌 𝑑 − 𝜌𝑐 )𝑉 𝑓 2 ,

𝜂 = 𝜂𝑐 + (𝜂 𝑑 − 𝜂𝑐 )𝑉 𝑓 2 .

(5)
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3.2. GOVERNING EQUATIONS
The flow dynamics of an isothermal and incompressible system involving two different Newtonian fluid phases is governed by the incompressible Navier-Stokes equations:

∇·u=0

(6)

and
𝜌



𝜕u
+ 𝜌 (u · ∇) u = −∇𝑝 + ∇ · 𝜂 (∇u) + (∇u)𝑇 + F𝑔 + F𝜎 + F𝑚 .
𝜕𝑡

(7)

In the above equations, 𝑝 denotes the terms related to pressure, while the viscous stress


tensor terms are denoted by 𝜂 (∇u) + (∇u)𝑇 . On the other hand, the gravitational forces
are represented by F𝑔 , which again equals to 𝜌g, and the magnetic and surface tension
forces are portrayed by the symbols F𝑚 and F𝜎 , individually. The surface tension force F𝜎
can be calculated using the chemical potential of the system 𝐺 (mentioned in Equation 1)
and phase field variable 𝜙 as:
F𝜎 = 𝐺∇𝜙.

(8)

Due to the application of magnetic field, the droplet interface experiences additional
magnetic stresses, which can be expressed as 𝝉 𝑚 and are required to evaluate magnetic
forces F𝑚 . The quantification of magnetic force F𝑚 is as follows [Rosensweig, 1985]:


𝜇
F𝑚 = ∇ · 𝝉 𝑚 = ∇ · 𝜇HH − 𝐻 2 I .
2

(9)

In Equation 9, 𝜇 represents the permeability of the flow domain, which can be evaluated
using phase field variable 𝜙, and 𝐻 2 = |H| 2 , whereas I denotes the identity operator.
Additionally, the calculation of magnetic stresses requires an inclusive understanding of
Maxwell equations and the constitutive relationships among magnetization M, magnetic
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Figure 2. Mass of a sessile droplet under various wetting conditions.

field H, and magnetic induction B, which are elucidated as follows:

M = 𝜒H,

∇ × H = 0,

∇ · B = 0, and

B = 𝜇0 (H + M) = 𝜇0 (1 + 𝜒)H (10)

where 𝜇0 denotes the permeability of vacuum, which again equals to 1.257 × 10−6 H/m.
A magnetic scalar potential 𝜓 is defined so that H = −∇𝜓, which eventually leads to the
following relationship:
∇ · (𝜇∇𝜓) = 0.

(11)

In our numerical simulation, the magnetic field H is solved using Equation 11, which then
contributes to the quantification of the magnetic forces in Equation 9.

4. RESULTS AND DISCUSSIONS
4.1. MASS CONSERVATION OF DROPLET
In order to demonstrate the clear advantage of phase field (PF) method over other
numerical methods i.e., level set (LS) method, volume of fluid (VOF) method in terms of
conserving the mass of a droplet in fluid domain, an investigation on the mass of a droplet
is carried out under various wetted wall conditions. Figure 2 illustrates the time evolution
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Table 2. Maximum mesh element size in the computational domain.
Mesh 1
0.2𝑅0

Mesh 2
0.1𝑅0

Mesh 3
0.075𝑅0

Mesh 4
0.06𝑅0

Mesh 5
0.05𝑅0

Figure 3. Grid independence test: time evolution of the magnetic field induced migration
of a sessile droplet along the horizontal direction 𝑋 ∗ for different mesh configurations at
Bo𝑚 = 0.145 and 𝜃 𝑐 = 150◦ .

of the mass of a sessile droplet at different contact angles, which clearly indicates that
irrespective of different boundary conditions, the droplet mass is conserved throughout the
whole process in numerical simulations.

4.2. GRID INDEPENDENCE CHECK
Figure 3 represents the time evolution of the magnetic field induced migration
of a sessile droplet along the horizontal direction 𝑋 ∗ for several mesh configurations at
Bo𝑚 = 0.145 and 𝜃 𝑐 = 150◦ , which are tabulated in Table 2, and it can be seen that when the
maximum mesh size in the computational domain is less than 0.06𝑅0 , the migration results
tend to overlap with each other, while traversing the same amount of distance along the
horizontal direction from initial position in the time under consideration. As a result, using
more refined meshes in the computational domain would only lead to minimal changes in
the coalescence time, while demonstrating similar coalescence behavior under the same
conditions at the expense of high computational costs. Considering the computational
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cost, we have decided to use 0.05𝑅0 as the magnitude of the maximum mesh element
size in the domain under consideration, which eventually saves a reasonable amount of
computational time, while providing accurate estimation of dynamic droplet interface during
the simulations throughout the paper.

4.3. DROPLET DYNAMICS ON A SOLID SURFACE
The flow dynamics of sessile droplets is dependent on the deformation experienced
by the droplets, which is predominantly influenced by the competition among viscous forces,
surface tension forces, magnetic forces, and surface adhesion forces. Here, in this section,
at first, we analyze the dynamic behavior of a solitary sessile droplet on a horizontal smooth
surface under different wetting wall conditions. Note that, the dimensions in the x and y
axes are non-dimensionalized by the initial radius of the droplet 𝑅0 , while density 𝜌, initial
radius of droplet 𝑅0 , and surface tension coefficient 𝜎 are used as scaling parameters for
dimensionless time, which are as follows:
𝑥
,
𝑋∗ =
𝑅0

𝑦
𝑌∗ =
, and
𝑅0

𝑡∗ = 𝑡

s

𝜎
.
𝜌𝑅03

(12)

Figure 4 depicts the equilibrium droplet shapes with contact angle on a solid horizontal surface, and from Figure 4(a)-(c), the equilibrium droplet shapes suggest that as the
contact angle between the droplet interface and bottom wall increases (i.e., more hydrophobic), the wettability of the droplet decreases. Consequently, the base diameter of the droplet
𝑏 decreases, which in turn gives rise to the magnitude of apex height ℎ in order to conserve
the total volume of the droplet. Moreover, the contact angle in each case is found to be in
good agreement with the set wetted wall conditions, which again proves the accuracy of
the model. Furthermore, the magnitudes of the base diameter 𝑏 and height ℎ of the droplet
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(a)

(c)

(b)

(d)

(f)

(e)

(g)

Figure 4. Equilibrium droplet shapes with contact angle on a solid horizontal surface. (a)
𝜃 𝑐 = 90◦ ; (b) 𝜃 𝑐 = 120◦ ; (c) 𝜃 𝑐 = 150◦ ; (d) Base diameter 𝑏 vs contact angle 𝜃 𝑐 ; (e) Height
ℎ vs contact angle 𝜃 𝑐 ; (f) Schematic for derivation of contact angle relationship in terms of
base diameter and height of a droplet; and (g) Comparison of simulated contact angle 𝜃 𝑐
results against analytical relationships.
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under different wetted wall conditions are illustrated in Figure 4(d) and (e), which shows a
decreasing and increasing trend in magnitudes with the increases in contact angle values,
respectively.
In the absence of gravitational forces, a sessile droplet will form a perfect spherical
cap on the bottom substrate. Figure 4(f) represents the schematic for derivation of contact
angle relationship in terms of base diameter 𝑏 and height of droplet ℎ where R is the radius
of the sphere and 𝜃 𝑐 is the contact angle. Now, applying the Pythagorean theorem in ΔOAB,
we have:
𝑅 2 = (𝑅 − ℎ) 2 + 𝑎 2 .

(13)

Since, in our case, 𝑎 = 𝑏/2, Equation 13 becomes:
 2
𝑏
.
𝑅 = (𝑅 − ℎ) +
2
2

2

(14)

Simplifying Equation 14, the radius of the sphere 𝑅 can be expressed in terms of 𝑏 and ℎ:

𝑅=

4ℎ2 + 𝑏 2
.
8ℎ

(15)

Subsequently, the radius of the droplet 𝑅 is utilized in finding the contact angle 𝜃 𝑐 , which
can be approximated as follows:

𝜃 𝑐 = tan−1

𝑏
.
2(𝑅 − ℎ)

(16)

Using the above geometrical relationships (Equation 15 and 16), the contact angles are
calculated and compared against simulated contact angles (Figure 4(g)), which appear to
agree quantitatively very well with each other. Even, for the maximum contact angle value
used in the analysis (𝜃 𝑐 = 150◦ ), the numerical error between the analytical and simulated
contact angle is found to be approximately 2.79%.
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(a)

(b)

(c)

(d)

(e)

(f)

b = 1514B3 - 38.28B2 + 4.04B + 67.29

h = -462.7B3 + 21.82B2 - 6.96B + 24.65

c

= -1603B3 + 34.03B2 - 22B + 72.61

Figure 5. Steady state shapes of droplet on a hydrophillic smooth solid surface under
permanent magnetic field with initial contact angle 𝜃 𝑐0 = 72◦ . (a) B = 0.078 T; (b)
B = 0.157 T; and (c) B = 0.2 T. (d)-(f) Variation in spreading characteristics of a droplet
on a homogeneous solid surface under a permanent magnet along the central portion of
droplet. (d) Base diameter 𝑏; (e) Height ℎ; and (f) Contact angle 𝜃 𝑐 .

4.4. SESSILE DROPLET UNDER NON-UNIFORM MAGNETIC FIELD
Now, we investigate the effect of a permanent magnetic field on the wetting phenomenon of a sessile ferrofluid droplet (also known as magnetowetting), and the steady
state shapes of a sessile ferrofluid droplet under a non-uniform magnetic field are illustrated
in Figure 5(a)-(c). In the absence of a magnetic field, the droplet assumes a contact angle of
72◦ with the solid surface; however, as the magnetic field is applied, the shape of the droplet
changes, which eventually changes the spreading dynamics of a ferrofluid droplet under
magnetic fields. Figure 5(a)-(c) demonstrates that a stronger magnetic field pulls down and
laterally stretch the droplet, causing an increase in the base diameter of the droplet, which
in turn augments the wettability of a sessile ferrofluid droplet. Consequently, the droplet
experiences a decline in its apex height and contact angle with the increase in wettability
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of the droplet. Moreover, the magnetic field profiles in Figure 5(a)-(c) suggest that the
magnetic field lines exit the north pole of the magnet and enters the south pole through an
elliptic fashion, while being parallel to each other and maintaining a symmetric profile with
respect to the y axis of the computational domain. Also, the magnetic field is strongest near
the vicinity of the magnet, which is eventually encountered by the ferrofluid droplet and
diminishes to zero far away from the magnet.
Furthermore, the spreading characteristics of a sessile ferrofluid droplet under a
non-uniform magnetic field are shown in Figure 5(d)-(f), which indicate an increase in base
diameter 𝑏 (Figure 5(d)) and decrease in height ℎ (Figure 5(e)) and contact angle 𝜃 𝑐 (Figure
5(f)) magnitudes of the droplet with the increase in magnetic field strengths, and these
results agree qualitatively well with the experimental findings of Nguyen et al. [Nguyen
et al., 2010]. Additionally, the spreading characteristics of the ferrofluid droplet in Figure
5(d)-(f) are found to match perfectly with a third order polynomial fitting curve under the
presence of a non-uniform magnetic field.

4.5. MAGNETIC FIELD INDUCED COALESCENCE OF SESSILE DROPLETS
The results from previous sections indicate that the spreading characteristics of a
solitary sessile ferrofluid droplet can be modified using different magnetic field strengths
and wetted wall conditions. Now, in this section, we analyze the pairwise interaction
between a pair of sessile ferrofluid droplets on a hydrophobic surface under the action of a
permanent magnetic field. Here, some dimensionless groups (i.e., 𝜁 and 𝜆) are introduced,
which respectively signify the density and viscosity ratios and are defined as:

𝜁=

𝜂𝑑
𝜌𝑑
, 𝜆= ,
𝜌𝑐
𝜂𝑐

(17)
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whereas the magnetic Bond number Bo𝑚 relates the magnetic and surface tension forces
through the following relationship:

Bo𝑚 =

𝜇0 𝑅0 𝐻02
2𝜎

.

(18)

Figure 6(a) illustrates the effect of non-uniform magnetic field on the interaction
phenomenon between a pair of sessile droplets on a hydrophobic surface (𝜃 𝑐 = 150◦ ) at
Bo𝑚 = 0.145, 𝜁 = 1, and 𝜆 = 1, and it can be seen that with the evolution of time
(𝑡 ∗ = 5489.4, 7429), as the magnetic field activates, the droplets start to approach each
other along the direction of the magnet. During this sliding motion, the interface of the
droplets closer to the permanent magnet experiences larger deformation due to greater
magnitudes of magnetic force and tends to drag the droplet towards the magnet, while the
droplet interfaces on the opposite side, being approximately circular in shape, strive to resist
the movement and keep the droplet attached to the bottom surface of the domain. As a
result, during the motion, a difference between the advancing contact angle 𝜃 𝑎 and receding
contact angle 𝜃 𝑟 emerges, which ultimately gives rise to capillary force that eventually
provides resistance to the droplet movement along the direction of the magnet. Moreover,
the capillary force F𝑐 is dependent on the base diameter 𝑏 and surface tension coefficient
𝜎, which can be expressed as:

F𝑐 = 𝑏𝜎(cos 𝜃 𝑟 − cos 𝜃 𝑎 ).

(19)

Subsequently, the magnetic field brings the droplets into close proximity with each other
where the drainage of the fluid film between the droplets occurs, which is ultimately followed
by the flattening of the interfaces in the merging region (𝑡 ∗ = 7483.9). Eventually, the van
der Waals intermolecular forces come into play and dominate the coalescence phenomenon
between the droplets, and this event is similar to the coalescence phenomenon observed
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(a)

(b)

(c)

Figure 6. Dynamics of sessile droplets at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ , 𝜁 = 1, and 𝜆 = 1.
(a) Time evolution of sessile droplet movement leading to coalescence and jumping off the
hydrophobic surface under permanent magnetic field at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ , 𝜁 = 1,
and 𝜆 = 1. (b)-(c) Trajectory of sessile droplets on a hydrophobic surface under permanent
magnetic field at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ , 𝜁 = 1, and 𝜆 = 1. (b) Overall trajectory; and (c)
Trajectory of merged droplet.
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between droplet pairs in shear flows in our previous works [Hassan and Wang, 2020a,
Hassan et al., 2021]. Also, the force balance along the 𝑥 axis during the sliding motion
leading to coalescence can be demonstrated in the following form:

F𝑚 = F𝑐 + F𝑎𝑑

(20)

where F𝑎𝑑 represents the adhesion forces during the motion and is proportional to the base
diameter of the droplet (i.e., F𝑎𝑑 ∝ 𝑏). Note that, capillary force appears in a droplet
due to cohesive forces where the molecules of droplet attract each other. In contrast, the
adhesive force is the main reason behind the adhesion force where the molecules of droplet
interact with the molecules of the bottom substrate, thereby generating a resistive force that
provides resistance against the droplet motion along the substrate. Under the presence of a
magnetic field, the magnetic force F𝑚 dominates over F𝑐 and F𝑎𝑑 , which eventually results
in the horizontal movement of the droplets along the direction of the magnet, leading to
coalescence between droplets at Bo𝑚 = 0.145.
Moreover, during the merging process, the surface energy of the droplets converts
into kinetic energy, which in turn aids the merged droplet in jumping upwards in the vertical
direction from the hydrophobic surface (𝑡 ∗ = 7648.6), followed by a gradual decline in
the base diameter of the merged droplet (𝑡 ∗ = 7538.8). Eventually, as the droplet takes
off from the hydrophobic surface, the kinetic energy of the droplet dissipates into the
surrounding viscous fluid medium, and the droplet reaches a maximum point where the
velocity diminishes to zero (𝑡 ∗ = 7977.9). Consequently, as the intensity of kinetic energy
diminishes, the magnetic force becomes dominant and drags the droplet back towards the
bottom surface of the domain. Finally, the droplet reaches an equilibrium stage where the
droplet shape, in addition to the wetted wall condition, is defined by the magnetic and surface
tension forces (𝑡 ∗ = 8966). The force balance during the droplet jumping phenomenon in
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the vertical direction (i.e., 𝑦 axis) can be approximated in the following form:

F 𝑘 = F𝑚 + F𝑔 + F 𝑑 .

(21)

However, when the characteristic dimension of droplets decreases from the macroscopic to
the micrometer scale, the effects of gravity become negligible in compared to the surface
tension and viscous forces, which ultimately govern the droplet dynamics. In general, the
gravitational effect can be ignored for droplets that have diameter smaller than the capillary
length. In our case, the capillary length is estimated to be 1.04 mm, which is approximately
26 times larger than the droplet size (micrometer size). As a result, the contribution of
gravitational force F𝑔 (i.e., standard gravity) can be ignored in compared to the magnetic
force F𝑚 , which ultimately reduces Equation 21 in the following format:

F 𝑘 ≈ F𝑚 + F 𝑑

(22)

where F𝑑 denotes the drag force experienced by the droplet during the upward motion in
the opposite direction.
Additionally, the overall trajectory of the droplets in Figure 6(b) indicates that
during the initial stage of the sliding motion, the droplets experience a decline in the apex
height and then approach each other along the horizontal direction. Next, as the droplet
interfaces come in close contact with each other, the droplets experience an increase in the
apex height, which ultimately leads to an upward shift of the droplet positions during the
merging stage of droplets. Afterwards, following the merging phenomenon, the merged
droplet continues to move upward until the kinetic energy of the droplet diminishes to zero
through viscous dissipation and then reaches the steady shape under the attractive forces
of the magnetic field. Note that, a MATLAB code is developed to track the centroids of
droplets during the motion, which eventually defines the trajectory of the droplets in Figure
6(b)-(c). Moreover, the trajectory of the merged droplet is illustrated in Figure 6(c), which
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shows that the merged droplet takes a considerable amount of time in reaching the maximum
peak during ascension in the vertical direction, while descension leading to a steady state
droplet position is comparatively faster under the influence of the magnetic field.

Figure 7. Time evolution of velocity contours both inside and outside of sessile droplets on
a hydrophobic surface under a permanent magnetic field at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ , 𝜁 = 1,
and 𝜆 = 1.
Furthermore, the complex flow dynamics behind the interaction between a pair of
sessile ferrofluid droplets under a permanent magnetic field can be better explained by the
velocity contours around the droplets, and Figure 7 depicts the time evolution of velocity
contours both inside and outside of sessile droplets on a hydrophobic surface under a
permanent magnetic field at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ , 𝜁 = 1, and 𝜆 = 1. It can be seen
that as the magnetic field is activated, a flow field is created along the horizontal direction,
which in turn starts to push the droplets towards the magnet, and as they approach each
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other, the fluid region between the droplets is squeezed, which gives rise to a larger velocity
gradient (𝑡 ∗ = 5489.4). Also, during the sliding motion, counter rotating vortices appear in
the bottom and top region of the droplet where the size of the vortices near the top surface
is much larger in compared to the vortices near the bottom interface. Consequently, the
droplets come into close contact with each other and coalesce into one, which is further
followed by a rapid surge in the velocity of the fluid region trapped between the droplets
just before merging (𝑡 ∗ = 7429). Since the surface energy of the droplets converts into
kinetic energy during merging, a larger velocity gradient appears around the merged droplet
where the vortices near the bottom interface consistently attempt to adhere the droplet
to the hydrophobic surface, but eventually fail due to the presence of stronger vortices
near the top interface that aid the droplet in taking off from the hydrophobic surface
(𝑡 ∗ = 7538.8). Eventually, the droplet reaches a maximum peak during jumping, followed
by the dissipation of droplet kinetic energy in the surrounding viscous medium (𝑡 ∗ = 7977.9)
and comes back rapidly on the horizontal surface under the influence of magnetic field and
reaches an equilibrium shape under the prescribed wetted wall condition (𝑡 ∗ = 8966). Note
that, during the coalescence phenomenon, a drainage of the fluid film between the droplets
occurs, which is ultimately followed by the flattening of the interfaces in the merging region.
Upon the coalescence, a large amount of interfacial energy is released near the merging
point, which can be considered as a potential reason behind the increase in the size of the
vortices near the top surface in compared to the bottom surface at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ ,
𝜁 = 1, and 𝜆 = 1.
Next, we expose the droplets to a comparatively larger magnetic field strength
(Bo𝑚 = 0.581) to observe how it affects the overall dynamics of a pair of sessile ferrofluid
droplets on a hydrophobic surface under similar wetted wall conditions, and Figure 8
represents the time evolution of sessile droplets on the same surface under a permanent
magnetic field at Bo𝑚 = 0.581, 𝜃 𝑐 = 150◦ , 𝜁 = 1, and 𝜆 = 1. Figure 8(a) indicates that the
droplets undergo greater deformation under stronger magnetic fields (a clear deformation
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(a)

(b)

(c)

Figure 8. Time evolution of sessile droplets on a hydrophobic surface under a permanent
magnetic field at Bo𝑚 = 0.581, 𝜃 𝑐 = 150◦ , 𝜁 = 1, and 𝜆 = 1. (a) Droplet shapes; (b)
Velocity contours; and (c) Shapes of droplets during sliding motion under magnetic fields
at 𝑡 ∗ = 5489.4.
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comparison is shown in Figure 8(c)), which in turn forces the droplet interfaces closer to
the magnet to move towards the magnet even more, while experiencing resistance from the
interfaces far away from the magnet (𝑡 ∗ = 1829.8). Eventually, as time goes on, the droplets
spread more under the action of magnetic field, giving an increase to the magnitude of
the base diameter of the droplets (𝑡 ∗ = 5489.4). Consequently, the adhesion energy of the
droplets due to their larger spreading becomes more intense in compared to the magnetic
force experienced by the droplets (𝑡 ∗ = 9149). As a result, the droplets ultimately reach a
steady state without undergoing coalescence at 𝑡 ∗ = 12808.6.
Moreover, the flow field profiles around the droplets in Figure 8(b) suggest that
during the motion of droplets towards the magnet, a high pressure region is formed between
the droplets near the hydrophobic surface due to the squeezing of the region in between
droplets (𝑡 ∗ = 1829.8), while a high pressure region appeared near the top surface of the
droplets under comparatively smaller magnetic field strengths at 𝑡 ∗ = 5489.4 in Figure 7 .
Also, a significant number of smaller vortices are found to appear near the bottom interface
of the droplets, which eventually aid in the movement along the horizontal direction, whereas
the larger vortices near the top interface of the droplets tend to resist the motion of droplets,
which again emerges due to the movement of the deformed droplets towards the magnet in
the horizontal direction (𝑡 ∗ = 9149). Finally, under the combined interaction of magnetic
field and droplet adhesion, the droplets reach equilibrium positions on the hydrophobic
surface at 𝑡 ∗ = 12808.6.
Lastly, the dynamic behavior of sessile droplets under variable magnetic field
strengths at 𝜃 𝑐 = 150◦ , 𝜁 = 1, and 𝜆 = 1 is summarized in Figure 9. From Figure
9(a) it can be seen that as the magnetic field strength increases upto Bo𝑚 = 0.372, the
droplets experience faster coalescence, and the maximum peak reached by the merged
droplet decreases. This decrease in maximum peak can be explained by the fact that due
to the increase in magnetic Bond number, the magnetic force encountered by the merged
droplet increases, which in turn provides more resistance during the upward jump from the
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Figure 9. Dynamic behavior of sessile droplets under variable magnetic field strengths at
𝜃 𝑐 = 150◦ , 𝜁 = 1, and 𝜆 = 1. (a) Vertical trajectory 𝑌 ∗ vs 𝑡 ∗ ; and (b) Base diameter 𝑏 ∗
vs 𝑡 ∗ (the maximum peak represents the diameter of the merged droplet during jumping
phenomenon).

surface (i.e., maximum peak decreases). Also, as the magnetic field strength starts increasing beyond Bo𝑚 > 0.245, the droplets still coalesce and undergo jumping phenomenon;
however, a slight increase in coalescence time is observed in compared to previous lower
magnetic bond number (i.e., Bo𝑚 = 0.245). This phenomenon emerges because as the
droplets are exposed to much stronger magnetic fields, the spreading of the droplet under
the action of magnetic field increases (Figure 9(b)), which ultimately increases the adhesion
energy of the droplets. As a result, the magnetic field requires longer time to bring the
droplets into closer contact that eventually initiates coalescence and jumping phenomenon
off the surface. Moreover, if a significantly stronger magnetic field (i.e., Bo𝑚 = 0.581) is
applied to the droplets, the droplets experience no coalescence at all and reach steady state
shapes under the combined effect of magnetic field and wetted wall condition. Additionally,
the effect of magnetic field strength on the spreading diameter of the droplets is depicted in
Figure 9(b), which clearly shows an increase in the base diameter of the droplets at higher
magnetic Bond numbers before and after the coalescence process.
Figure 9(a) provides very interesting and useful information on the conditions required to induce coalescence/no coalescence between sessile droplets during sliding motion
under magnetic fields. Also, during the analysis of this critical condition, unity density and
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viscosity ratios are used in order to eliminate additional complexities so that the readers have
an easy understanding about the coalescence dynamics of droplets. Here, a dimensionless
number (magnetic Bond number Bo𝑚 ) is used to relate the contribution of magnetic and
surface tension forces, the magnitude of which again can be manually controlled through a
change in the magnitude of either initial droplet radius, magnetic field strength, or surface
tension values. As a result, this analysis can be very beneficial to the experimental design
since it clearly provides the magnitudes of all the parameters required to replicate these
phenomena during experiments under unity density and viscosity ratios at 𝜃 𝑐 = 150◦ .

4.6. EFFECT OF CONTACT ANGLE
Now, we investigate the effect of contact angles on the interaction phenomenon
between a pair of sessile ferrofluid droplets under magnetic fields, and Figure 10(a) depicts
the time evolution of spreading dynamics of sessile droplets on a hydrophobic surface
under permanent magnetic field at Bo𝑚 = 0.145, 𝜃 𝑐 = 90◦ , 𝜁 = 1, and 𝜆 = 1. The shapes
of droplets suggest that as they are exposed to a permanent magnetic field at 𝜃 𝑐 = 90◦ ,
the wettability of the droplets increases, and the existence of non-uniform magnetic field
contributes in the generation of asymmetric droplet shapes with respect to the 𝑦 axis (i.e.,
the interface of the droplets closer to the permanent magnet experiences greater deformation
than the interface far away from the magnet) at 𝑡 ∗ = 548.9. Moreover, during the spreading
process, the interface of the droplets come closer to each other at 𝑡 ∗ = 695.3 where a sharp
flattening of the interfaces closer to the bottom wall occurs, which eventually initiates the
coalescence phenomenon at 𝑡 ∗ = 713.6. It is important to note that upon initiation of
contact, the surface tension force drives a swift motion perpendicular to the line of centers
that combines the droplets and causes a decrease in the total surface area (𝑡 ∗ = 713.6). Also,
as the surface tension force drives the merging process, two large vortices appear on the
sides of droplets, while a smaller sized vortex emerges near the center of the top interface
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(b)

Figure 10. Time evolution of velocity contours around and inside of sessile droplets on a
hydrophobic surface under permanent magnetic field at Bo𝑚 = 0.145, 𝜁 = 1, and 𝜆 = 1. (a)
𝜃 𝑐 = 90◦ ; and (b) 𝜃 𝑐 = 120◦ .
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of the merged droplet (𝑡 ∗ = 805.1). Subsequently, with the evolution of time, the two large
vortices are pushed towards the bottom, while the vortex on the top interface disappears at
𝑡 ∗ = 1024.6. Finally, the droplet reaches an equilibrium shape at 𝑡 ∗ = 5855.4.
Next, the wetted wall condition of the droplets is changed from 𝜃 𝑐 = 90◦ to 𝜃 𝑐 = 120◦
under the same magnetic field strength, and Figure 10(b) represents the time evolution of
velocity contours around the sessile droplets under a permanent magnetic field at Bo𝑚 =
0.145, 𝜃 𝑐 = 120◦ , 𝜁 = 1, and 𝜆 = 1. Compared to the previous case, here, under similar
magnetic field strength, the base diameter of the droplets decreases (𝑡 ∗ = 7319.2), and
the magnetic field forces the droplet interface closer to the magnet to approach each other
(𝑡 ∗ = 7721.8), which begins the coalescence process at 𝑡 ∗ = 7740.1. However, since the
coalescence process starts around the center of the droplet interfaces, a void appears in the
middle near the bottom interface (𝑡 ∗ = 8051.1) during merging, and the droplet tends to take
off from the solid surface, which eventually fails due to the dominant nature of magnetic
attraction forces and presence of high pressure regions near the bottom interface of the
droplet. Lastly, the droplet settles down and assumes a steady state shape at 𝑡 ∗ = 13174.6.
Note that the merged droplet also takes significantly longer time in reaching a steady state
shape at 𝜃 𝑐 = 120◦ than at 𝜃 𝑐 = 90◦ .
Furthermore, the trajectory of the droplets in Figure 11(a) indicates that as the
contact angle increases upto 𝜃 𝑐 = 120◦ , the merged droplet do not experience any jumping
phenomenon, but experiences an increase in its height at steady state, followed by a decline
in height during the approach stage. Also, the time required to initiate coalescence increases
with the increase in contact angle values. This phenomenon can be explained by the fact
that as the solid surface becomes more hydrophobic, the wettability of the droplet decreases
under the same magnetic field strength, which in turn requires more time for the droplets to
come into closer contact under the action of magnetic field. However, as the solid surface
starts to become superhydrophobic (𝜃 𝑐 ≥ 135◦ ), the kinetic energy of the droplets after
the coalescence overcomes the adhesive energy, and the droplet ultimately jumps off the
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Figure 11. Contact angle effect on coalescence phenomenon between a pair of hydrophobic
droplets under permanent magnetic field at Bo𝑚 = 0.145, 𝜁 = 1, and 𝜆 = 1. (a) Vertical
trajectory of droplets; (b) Droplet shapes during merging; (c) Steady state droplet base
diameter; and (d) Steady state droplet height.

surface. Moreover, the merged droplet experiences higher jumping in the vertical direction
as the hydrophobicity of the bottom surface increases, which is attributed by the decrease
in the adhesive energy of the droplets (i.e., reduction in base diameter) during coalescence
process (Figure 11(b)).
The coalescence point between two droplets is a complex phenomenon and strongly
dependent on the wettability of the surface (i.e., contact angle) and magnetic field strengths.
Figure 11(b) demonstrates the droplet shapes during merging at Bo𝑚 = 0.145, and the
shapes suggest that at 𝜃 𝑐 = 90◦ , the coalescence point occurs near the bottom interface of
the droplets, whereas at 105◦ , the droplets coalesce approximately near the middle of the
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droplet interfaces. However, as the hydrophobicity of the bottom substrate increases (i.e.,
𝜃 𝑐 ≥ 120◦ ), the coalescence point appears near the middle of the top half of the droplet
interfaces. Nevertheless, the droplet shapes indicate an interesting shift of the coalescence
point between droplets from the bottom interface towards the top interface with an increase
in the hydrophobicity of the bottom substrate under magnetic fields. Finally, the steady
state characteristics of the merged droplet are illustrated in Figure 11(c)-(d), which shows
a decrease and an increase in the base diameter and the height of the droplet, respectively
under increasing contact angle values.

4.7. EFFECT OF VISCOSITY RATIO
In the final section, we focus on analyzing the effect of viscosity ratios on the
coalescence phenomenon between a pair of hydrophobic sessile droplets under permanent
magnetic field at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ , and 𝜁 = 1. Here, the viscosity of the droplets
are kept constant, while the viscosity of the continuous phase is varied to observe how the
behavior of sessile droplets change in different surrounding medium under non-uniform
magnetic field, including air where the properties of air medium gives rise to huge contrast
in viscosity ratios (i.e., 𝜆 ≈ 5000).
From Figure 12(a) it can be seen that irrespective of viscosity ratios, the droplets,
followed by a sliding motion towards the magnet, coalesce and experience jumping phenomenon under the exposure to a permanent magnetic field; however, the maximum peak
reached by the merged droplet during jumping increases with the increase in viscosity
ratios. This happens because as the viscosity of the surrounding medium decreases, the
kinetic energy of the droplets after merging requires longer time to get dissipated into the
surroundings i.e., the droplet undergoes higher jumping in the vertical direction. Also,
in addition to a decline in the coalescence time with the increase in viscosity ratios, the
merged droplet requires comparatively smaller time to return to the solid surface and reach
a steady state under a magnetic field. Interestingly, the trajectory of droplets at a viscosity
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Figure 12. Viscosity ratio effect on coalescence phenomenon between a pair of hydrophobic
sessile droplets under permanent magnetic field at Bo𝑚 = 0.145, 𝜃 𝑐 = 150◦ , and 𝜁 = 1. (a)
Vertical trajectory of droplets; and (b) Droplet shapes at maximum peaks.

ratio beyond 2000 (i.e., 𝜆 ≥ 2000) is found to overlap with each other, which also indicates
the dominant behavior of magnetic field at higher viscosity ratios. Furthermore, the droplet
shapes at maximum peaks for some representative viscosity ratios are depicted in Figure
12(b), which demonstrates a small increase in droplet jumping in the vertical direction in
compared to the massive change in viscosity ratios.
In the research community, two-dimensional (2D) studies are extremely popular
in compared to three-dimensional (3D) studies for providing flexibilities in terms of investigating the effects of a wide range of parameters on droplet dynamics, while saving a
considerable amount of computational resources. Also, before moving on to the in-detailed
investigation of the droplet dynamics under magnetic fields, the 2D model is systematically
validated against benchmark solutions and existing experimental works in the literature
to make sure that it is capable of capturing the correct droplet interface and producing
accurate results. Although, a three-dimensional (3D) model would be more realistic than
a 2D model, it would generate similar coalescence phenomenon under similar conditions;
however, the droplet shapes could be slightly different due to the effect of surface tension
in the z-direction.
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5. CONCLUSION
A systematic numerical inquiry on the dynamics between a pair of sessile droplets
on a smooth hydrophobic surface under a permanent magnetic field is carried out in this
paper. The results indicate that a non-uniform magnetic field is capable of increasing the
wettability of a hydrophobic surface, which usually has lower surface energy and interfacial
tension between the droplet and solid surface. Consequently, the base diameter of the sessile
droplet experiences an increase at higher magnetic field strengths, while the apex height and
equilibrium contact angle decreases. Also, when a pair of sessile droplets are symmetrically
separated with respect to the center of the magnet along 𝑦-axis on a superhydrophobic
surface (i.e., 𝜃 𝑐 = 150◦ ), the merged droplet experiences a jumping phenomenon off the
solid surface, which is eventually followed by the migration of the droplets along the
horizontal direction that ultimately leads to coalescence under the action of non-uniform
magnetic field. Moreover, as the magnetic field strength increases upto Bo𝑚 = 0.372, the
droplets still experience coalescence at a faster rate; however, the maximum peak reached
by the merged droplet during the upward flight decreases. Furthermore, if the magnetic
field strength is allowed to increase above Bo𝑚 > 0.372, at Bo𝑚 = 0.581, the droplets do not
encounter any coalescence phenomenon anymore, instead reach equilibrium shapes under
the combined effects of magnetic field and wetted wall condition.
Additionally, we investigated the effect of contact angles on the dynamic interaction
behavior between a pair of sessile droplets under magnetic fields, and the findings suggest
the existence of a critical contact angle value, below which the droplets do not experience
any jumping off phenomenon after undergoing coalescence. In our investigation, the critical
contact angle value is found to be approximately 120◦ (i.e., 𝜃 𝑐𝑐𝑟 ≈ 120◦ ). Also, the merging
pattern of droplets changes at lower contact angle values (i.e., 𝜃 𝑐 = 90◦ ). Moreover, the
merged droplet sustains an attenuation in equilibrium base diameter magnitudes, while
experiencing an increase in the apex height on more hydrophobic surfaces. Furthermore,
on a superhydrophobic surface (i.e., 𝜃 𝑐 = 150◦ ), as the viscosity ratio increases (i.e.,
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𝜆 = 5000 in case of air as surrounding medium), the droplets encounter rapid coalescence
under the attraction forces of magnetic field, and the merged droplet experiences higher
jumping at higher magnitudes of viscosity ratios. Nevertheless, the findings signify the
massive potential of magnetic field in the controlled transportation of sessile droplets on a
hydrophobic surface that will be critical to a significant number of biological and chemical
assays.
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ABSTRACT
A methodical analysis on the dynamic interaction behavior between a pair of uneven
sized ferrofluid droplets freely falling under gravity and exposed to a uniform magnetic
field is presented in this article. Here, a conservative level set method (LSM) is adopted
to precisely calculate the free interface curvature of the droplet, which again couples both
magnetic and flow fields. The results indicate that at a unity viscosity ratio (i.e., 𝜆 = 1) and a
fixed Galilei number (i.e., Ga = 1600), in the absence of any external forces except gravity,
★ ≥ 6), which
a critical initial vertical separation distance between the droplets prevails (Δ𝑌𝑐𝑟

prohibits them from undergoing coalescence phenomenon before hitting the bottom wall
of the computational domain. However, enacting a magnetic field along 𝛼 = 0◦ hinders
coalescence, while it is expedited by the implementation of the magnetic field along 𝛼 = 90◦ .
On the other hand, at 𝛼 = 45◦ , the droplets exhibit downward lateral migration along the
secondary diagonal of the computational domain, leading to a larger separation between
them at higher magnetic bond numbers Bo𝑚 (i.e., Bo𝑚 = 8). Moreover, the investigation
on the effects of surface tension suggests an increase in the vertical separation between
droplets at higher Eötvös numbers (i.e., Eo = 9.48). Additionally, application of a magnetic
field along 𝛼 = 0◦ results in the formation of round-bottom hull shaped droplets, whereas
they transform into teardrop shaped droplets before coalescence at 𝛼 = 90◦ . In contrast,
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the magnetic field along 𝛼 = 45◦ greatly impedes the coalescence phenomenon, leading
to migration of droplets along divergent lateral directions, whereas the droplets do not
encounter any coalescence event in air before impact under gravity or gravity and magnetic
fields.
Keywords: Ferrofluids, Droplets, Magnetic field, Coalescence

1. INTRODUCTION
Droplet on demand (DOD) is one of the most prominent processes involved in
inkjet printing — a prospective material-conserving and cost-effective localized additive
deposition technique for large area manufacturing where the ejection of a desired volume
of ink droplet is substantially achieved via a nozzle, followed by an abrupt piezoelectric
actuated quasi-adiabatic reduction in the chamber volume [Liu et al., 2013, Pabst et al.,
2013, Tekin et al., 2008]. Subsequently, the ejected droplet encounters air resistance while
falling under the influence of gravity, until impinging and spreading on the substrate, which
is again aided by the momentum gained by the droplet during the free fall and surface
tension flow along the surface [He et al., 2017, Pesach and Marmur, 1987]. Interestingly,
the spreading and final shape of the droplet are also strongly dependent on the printing
height and viscosity of the medium, which eventually are crucial in the determination of
ultimate resolution in printing techniques [Jung et al., 2013, Perelaer et al., 2009a,b].
Moreover, size distribution and dynamic interaction between gravity induced freely
falling droplets are important in flotation [Al-Shamrani et al., 2002, Savino et al., 2003],
combustion [Kumagai et al., 1971, Wang et al., 1984], and atmospheric raindrop formation
applications [List et al., 2009, Low and List, 1982]. Magarvey et al. [Magarvey and Taylor,
1956] conducted an experimental investigation on the breakup mechanism of large water
drops during free fall and concluded that breakup, being independent of turbulence flow
regime, is not initiated by internal vibrations. Arecchi et al. [Arecchi et al., 1989] experimentally observed the appearance of fragmentation (a dynamic instability) in droplets, freely
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falling through another miscible fluid medium. Rabe et al. [Rabe et al., 2010] performed
experiments on the binary collision between droplets and described coalescence-separation
regimes based on symmetric Weber numbers, while a experimental study on the droplet
impact on a sessile droplet is conducted by Nikolopoulos et al. [Nikolopoulos et al., 2010].
Several numerical investigations on gravity induced droplets have also been reported
in the existing literature [Cho et al., 2012, Kim et al., 2014]. Bararnia et al. [Bararnia et al.,
2013] conducted a two-dimensional (2D) numerical analysis on the coalescence and breakup
of multiple droplets during free fall, and their results suggest an increase in the droplet
deformation at higher Eötvös numbers (i.e., the ratio between gravitational and surface
tension forces), whereas a three-dimensional (3D) numerical simulations on binary droplet
collisions is performed by Pan et al. [Pan and Suga, 2005]. Fakhari et al. [Fakhari and
Rahimian, 2009] implemented a lattice Boltzmann method (LBM) to simulate the behavior
of falling droplet and deduced that the droplet attains an equilibrium shape at lower Eötvös
numbers, while experiencing a breakup phenomenon at higher Eötvös numbers. Strotos
et al. [Strotos et al., 2016] numerically quantified the heating effect on the breakup of
droplets in a high temperature gaseous environment and found out the heating has minimal
effects on the breakup event, except for lower Weber numbers. Furthermore, through the
implementation of an inter-particle lattice Boltzmann model, a numerical analysis on the
detachment behavior of droplets from solid walls under gravity is carried out by Tilehboni
et al. [Tilehboni et al., 2015].
Recent studies reveal that in addition to hydrodynamic forces, droplet behavior
can be exploited by utilizing external force fields, such as, electric [Bararnia and Ganji,
2013, Supeene et al., 2008], acoustic [Pangu and Feke, 2004, Wixforth et al., 2004], and
magnetic fields [Hassan and Wang, 2019, 2020a,b, Hassan et al., 2018]. Jalaal et al. [Jalaal
et al., 2010] experimentally observed the behavior of a water droplet falling through an oil
medium under DC electric fields and came to a conclusion that the droplet experiences a
translational motion at higher magnitudes of electrode potential, which can also be repeated

164
depending on electric field strengths. Im et al. [Im et al., 2011] performed an experimental
investigation on the actuation of a charged droplet (suspended in a dielectric liquid) using
electrophoresis and found out a positive correlation between electrolyte concentration and
electrical charging limited effect, whereas a numerical investigation on droplet deformation
under steady electric fields has been conducted by Hua et al. [Hua et al., 2008] Additionally,
Phan et al. [Phan et al., 2016] used a vibrating membrane activated acoustic streaming
method to control the behavior of droplets, and a review on the droplet manipulation
practices in lab-on-a-chip devices using acoustic surface waves is provided in Wang and
Zhe’s work [Wang and Zhe, 2011].
However, the implementation of magnetic field requires a droplet to be ferrofluid —
liquid containing nanoscale sized magnetite particles covered with surfactants to impede
clumping [Scherer and Figueiredo Neto, 2005]. Ki [Ki, 2010] enacted a level set algorithm
to study its effectiveness in two-phase incompressible flow problems i.e., rising bubble,
stretching and oscillation of droplets under magnetic fields, while Tagawa [Tagawa, 2006]
numerically studied the dynamics of a falling liquid metal droplet using a finite difference
method dependent HSMAC algorithm. Moreover, an experimental exploration on the
separation of droplets from ferrofluid jets under magnetic field effect is administered by
Fabian et al. [Fabian et al., 2017] where they observed a micro-thread formation before the
separation of droplets. Furthermore, the recent experimental study of Zhang et al. [Zhang
et al., 2019] confirms controlled manipulation of droplet migration utilizing magnetic fields,
which in turn depicts the potential of magnetic fields in the separation of droplets along
different outlets in microchannels.
So far, to the best of our knowledge, only a few investigations are focused on the
interaction phenomenon between freely falling droplets [Bararnia and Ganji, 2013, Hu
et al., 2017, Zhang et al., 2012]. Recently, Shi et al. [Shi et al., 2014] enacted a VOSET
method to study the behavior of a single falling ferrofluid droplet under magnetic field,
while a similar investigation based on a hybrid lattice Boltzmann method is conducted
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by Ghaderi et al. [Ghaderi et al., 2018] Also, in the aforementioned studies, the authors
only concentrated on applying the magnetic field in a direction parallel/perpendicular to
the direction of gravity. In addition to using flow focusing [Wu et al., 2013, Zhang et al.,
2019] or T-junction [Aboutalebi et al., 2018, Tan et al., 2010] microfluidic channels for
generating droplets required for inkjet printing, droplet production can also be achieved
utilizing a nozzle, which furthermore can be manipulated efficiently using magnetic fields
[Bĳarchi et al., 2020, Tsai and Wang, 2019]. While gravity has a negligible effect on droplet
production in microfluidics, it exerts a significant effect on droplet formation from a nozzle
where wettability of nozzle surface leads to variable diameter droplets, including production
of satellite droplets for a range of different conditions [Fabian et al., 2017, Jiang et al., 2016,
Tsai and Wang, 2019]. As a result, interpreting the dynamics between two uneven sized
falling droplets is necessary to the understanding of inkjet printing processes. Therefore,
in this article, we employ a uniform magnetic field along different directions with a view
to investigating the effects of variable initial vertical separation distance, magnetic field
strength, direction, surface tension, density and viscosity ratio on the dynamic interaction
behavior between a pair of uneven sized ferrofluid droplets falling under the influence of
gravity in a two-dimensional (2D) domain, which in addition to inkjet printing, will be useful
in controlling the impact and flight of droplets in numerous applications [Castrejon-Pita
et al., 2013, Che and Matar, 2018, Choi et al., 2008, Dhindsa et al., 2020, Laan et al., 2014,
Saien and Bamdadi, 2012, Smith and Shin, 2012, Wanchoo et al., 2003, Yudistira et al.,
2010]. Extensive investigations in the literature suggest that two-dimensional (2D) models
have the capability to precisely track the free interface of the droplet, which additionally
provides the advantage of using relatively smaller computational resources [Bararnia et al.,
2013, Ghaderi et al., 2018, Hassan and Wang, 2020a, Hassan et al., 2018, Shi et al., 2014,
Tilehboni et al., 2015]. Here, COMSOL 5.3, a commercial simulation software, is adopted
to perform the simulations where finite element method based level set algorithm couples
both flow and magnetic fields.
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Figure 1. Schematic of a pair of ferrofluid droplets falling through another viscous fluid
medium under the influence of gravity g and uniform magnetic fields, H0 .

The overall organization of the article is as follows: In Section 2, we discuss the
schematic of the computational model, while Section 3 depicts an in-depth understanding of
the numerical schemes and governing equations required to study the dynamic interaction
behavior between freely falling droplets. Next, a systematic explanation of the influence
of magnetic field strength, direction, surface tension, density and viscosity ratio on droplet
interactions is presented in Section 4. Finally, a grid independence test is demonstrated in
Supporting information, followed by an outline of the crucial findings in Section 5.

2. COMPUTATIONAL MODEL
Figure 1 depicts the schematic of a pair of ferrofluid droplets falling through another
viscous fluid medium under the combined exposure to gravity and uniform magnetic fields.
Here, the bigger droplet, having a radius twice the radius of the smaller droplet, is treated
as the trailing droplet, while the smaller one is considered as the leading droplet (i.e.,
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𝑅𝑇 𝐷 = 2𝑅 𝐿𝐷 ). Initially, both droplets have the same viscosity as the continuous fluid
phase (i.e., 𝜂𝑇 𝐷 = 𝜂 𝐿𝐷 = 𝜂𝑐 ), and the density of the droplets are considered 1.2 times the
density of the continuous phase (i.e., 𝜌𝑇 𝐷 = 𝜌 𝐿𝐷 = 1.2𝜌𝑐 ). The subscripts 𝑇 𝐷, 𝐿𝐷, and 𝑐
symbolize the trailing droplet, leading droplet, and continuous phase, respectively. Also, the
magnetic permeability of the droplet phase is considered twice as the magnetic permeability
of the surrounding medium (i.e., 𝜇 𝑑 = 2𝜇𝑐 ). Moreover, it is important to note that both
fluid medium are assumed as incompressible fluids in our numerical model, while free
triangular (unstructured) elements are utilized for meshing purposes. The dimensions of
the computational model can be described as 𝐻𝑑 = 1.6𝑊𝑑 where 𝐻𝑑 and 𝑊𝑑 simultaneously
signify the height and width of the computational domain. Again, the width of the domain
𝑊𝑑 is 10 times the radius of the trailing droplet (i.e., 𝑊𝑑 = 10𝑅𝑇 𝐷 ). Note that, the
dimensions of the domain are chosen to be large enough so that the wall effects on droplet
deformation can be neglected.
In the initial stage, the droplets are separated from each other through a vertical
distance Δ𝑌0 . A no slip condition is employed on the walls of the computational domain,
while initially, the velocity in the flow domain is zero (i.e., u0 = 0). Also, while applying the
magnetic field along the mentioned directions, the other sides are kept in insulated condition
(i.e., n · B = 0). The droplets start to fall freely under gravity g with time and eventually
create a flow field around themselves in the process. Next, the flow domain is exposed to
a uniform magnetic field, H0 , from different directions, which is denoted by 𝛼. Under the
combined effect of gravity and magnetic fields, the droplets experience deformation, and
the deformation of a droplet 𝐷 can be calculated as 𝐷 =

𝐿−𝐵
𝐿+𝐵

where 𝐿 represents the major

axis droplet dimension, and 𝐵 denotes the dimension along the minor axis of the droplet
during the deformation process. Additionally, with deformation, the orientation angle of
the droplet 𝜃 changes, which is quantified as the angle in the counter-clockwise direction
from the positive 𝑥 axis.
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3. COMPUTATIONAL ALGORITHM SCHEME
3.1. LEVEL SET METHOD
Moving interfaces are involved in numerous applications, including breakup of surface waves [Duan et al., 2003], water-air interactions [Taylor et al., 2007], and solidification
melt dynamics [Grabow et al., 1988], which additionally involve a convoluted interaction
between the free interface and the surrounding fluid phase due to a jump in the temperature
and surface tension across the interface of the moving boundaries. Consequently, these
interactions present a troublesome issue in tracking the interface of the moving boundaries
in multi-phase flows. Therefore, a conservative level set algorithm, with an advantage of
accurately calculating the curvature of the free interface, is imposed in our computational
model to track the evolution of the droplet interface in two-phase flows [Olsson et al., 2007].
The level set algorithm utilizes a smooth signed distance function 𝜙 that assigns
different values on the two sides of the interface i.e., 0 in one fluid phase, and 1 in another,
while preserving a smooth change across the limited thickness of the interface. Moreover,
the smoothness of the level set function 𝜙 makes it easier to advect with the velocity field
u, which is again accomplished in two steps: In the first step, a numerical method governs
the advection of 𝜙, which is then used to check the preservation of the interface thickness
in the second step. The level set algorithm adopts second order approximations to execute
both these steps, which can be formulated as [Olsson and Kreiss, 2005]:


∇𝜙
𝑑𝜙
+ u · ∇𝜙 = 𝛾∇ · 𝜖 ∇𝜙 − 𝜙(1 − 𝜙)
.
𝑑𝑡
|∇𝜙|

(1)

In Equation 1, the velocity field is represented by u, while 𝜖 and 𝛾 signify the interface
thickness and the amount of re-initialization, respectively. In our model, the magnitude of 𝜙
is regarded as 1 in droplet phase, while it is zero in the surrounding fluid phase (i.e., 𝜙 𝑑 = 1
and 𝜙𝑐 = 0), and the exact interface of the droplet 𝜙𝑖𝑛𝑡 is characterized by 0.5 iso-contour of
𝜙 (i.e., 𝜙𝑖𝑛𝑡 = 𝜙| 0.5 ). The re-initialization amount 𝛾 is critical to the numerical accuracy of
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the algorithm since it preserves the concentration of the gradient of 𝜙 across the thickness
of the interface over time. A too low or too high magnitude of 𝛾 leads to the formation
of unwanted liquid-gas interface and large computational times, respectively [COMSOL,
2018]. On the other hand, 𝜖 regulates the thickness of the free surface where the variation
of 𝜙 will be achieved. Using a larger magnitude of 𝜖 results in an inaccurate representation
of the droplet interface, while a smaller value leads to spurious velocity profiles. The
largest mesh element size around the free interface is considered as the optimal value of 𝜙
in two-phase simulations [COMSOL, 2018].
The multi-phase flows are treated as a single phase flow in a level set algorithm, and
as a result, the properties of the fluid phase alter accordingly with the magnitude of level
set function 𝜙, which further uses a linear interpolation technique to calculate the density
(𝜌), dynamic viscosity (𝜂), magnetic permeability (𝜇), and magnetic susceptibility (𝜒) in
the flow domain. The interpolation schemes are as follows:

𝜌 = (1 − 𝜙) 𝜌𝑐 + 𝜌 𝑑 𝜙,

𝜇 = (1 − 𝜙)𝜇𝑐 + 𝜇 𝑑 𝜙,
(2)

𝜂 = (1 − 𝜙)𝜂𝑐 + 𝜂 𝑑 𝜙,

𝜒 = (1 − 𝜙) 𝜒𝑐 + 𝜒𝑑 𝜙,

where the droplet medium and surrounding fluid medium are concurrently designated by
the subscripts 𝑑 and 𝑐, individually.

3.2. GOVERNING EQUATIONS
A two-phase flow consisting of an incompressible, immiscible ferrofluid droplet
dispersed in another immiscible, viscous medium is typically governed by the continuity
and time dependent Navier-Stokes equations, which are as follows:

∇·u=0

(3)
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and



𝜕u
𝜌
+ u · ∇u = −∇𝑝 + 𝜂∇2 u + F𝑠 + F𝑔 + F𝑚 .
𝜕𝑡

(4)

In Equation 4, fluid pressure is characterized by 𝑝, and the terms 𝜂∇2 u indicate the viscous
stress. The symbol F𝑠 denotes the surface tension force and can be expressed as:

 

F𝑠 = ∇ · 𝜎 I + (−nn𝑇 ) 𝛿 .

(5)

Equation 5 involves a surface tension coefficient 𝜎, and an identity operator I. The unit
normal to the interface n is related to the level set function 𝜙 and can be calculated as:

n=

∇𝜙
,
|∇𝜙|

(6)

while 𝜙 is also utilized to derive the smoothed Dirac delta function 𝛿:

𝛿 = 6|𝜙(1 − 𝜙)||∇𝜙|.

(7)

The body forces are represented by the symbols F𝑔 and F𝑚 where F𝑔 indicates the
force due to gravity and equals to 𝜌g (i.e., F𝑔 = 𝜌g). On the other hand, according to
Rosensweig [Rosensweig, 1985], the magnetic force F𝑚 can be formulated as:


𝜇
F𝑚 = ∇ · 𝝉 𝑚 = ∇ · 𝜇HH − 𝐻 2 I
2

(8)

where 𝝉 𝑚 represents the magnetic stress tensor, which arises due to the generation of
additional stresses under the exposure to a uniform magnetic field, H0 . Also, interpreting
the Maxwell equations [Stratton, 2007] that describe the magnetic field for a nonconducting
ferrofluid are indispensable to having an in-depth understanding about the magnetic stress
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tensor 𝝉 𝑚 , which can be elucidated as:

∇×H=0

(9)

∇ · B = 0.

(10)

and

In Equations 9 and 10, H denotes the magnetic field, while magnetic induction is denoted
by the symbol B, which again requires to satisfy the following relations:


 𝜇0 (H + M)

B=

 𝜇0 H


in Ω𝑑

(11)

in Ω𝑐

where Ω𝑑 and Ω𝑐 denote the magnetic droplet domain and nonmagnetic surrounding domain, respectively. The symbol 𝜇0 indicates the magnetic permeability in a classical
vacuum, which has a magnitude equal to 4𝜋 × 10−7 N/A2 . Moreover, the magnetization of
a linearly magnetizable ferrofluid M can be defined as:

M = 𝜒H.

(12)

Furthermore, Equations 9 and 10 can be satisfied by the introduction of a scalar potential 𝜓
as:
H = −∇𝜓,

(13)

which ultimately results in the following relation:

∇ · (𝜇∇𝜓) = 0.

(14)
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3.3. GOVERNING EQUATIONS IN DIMENSIONLESS FORM
Now, due to the omnipresence of a significant number of variables in the computational domain, the governing equations are transformed into dimensionless forms, which
uses the following scaling relationships:

u★ =

u ★ 𝑝𝐷 0 ★ 𝑡𝑈 ★
𝜌
𝜂
𝜇
H
, 𝑝 =
, 𝑡 =
, 𝜌 = , 𝜂★ = , 𝜇★ = , H★ =
𝑈
𝜂𝑈
𝐷0
𝜌𝑐
𝜂𝑐
𝜇0
𝐻0

where 𝐻0 is the magnitude of the applied magnetic field H0 . As a result, the governing
equations 3 and 4 can be written as:

∇★ · u★ = 0,

(15)

1
Bo𝑚 ★ ★
1 ★
1 ★2 ★
𝜕u★
∇ u +
g★ + 2
∇ · 𝝉𝑚 +
F .
+ (u★ · ∇★)u★ = −∇★ 𝑝★ +
★
𝜕𝑡
Re
WeEo
We
We 𝜎

(16)

The conversion of dimensional equations into dimensionless forms leads to a few
major dimensionless groups, which are as follows:

Re =

𝜌𝑐𝑈𝐷 0
,
𝜂𝑐

(17)

We =

𝜌𝑐𝑈 2 𝐷 0
,
𝜎

(18)

Eo =

(𝜌 𝑑 − 𝜌𝑐 )g𝐷 20

,

(19)

𝜎
and
Bo𝑚 =

𝜇 0 𝑅0 𝐻 2
,
2𝜎

(20)
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where Re, We, Eo, and Bo𝑚 denote the Reynolds number, Weber number, Eötvös number,
and magnetic Bond number, respectively. Again, Reynolds number Re can be related to
Galilei number Ga and Richardson number Ri through the following relationship:

Ga = Re2 Ri

(21)

where Galilei number Ga assumes the following form:

Ga =

𝜌𝑐2 g𝐷 30
𝜂2𝑐

.

(22)

In the above mentioned dimensionless groups, 𝐷 0 (diameter) and 𝑅0 (radius) stand for the
properties of the trailing droplet in undeformed condition. Other notable dimensionless
groups are as follows:

𝜁=

𝜂𝑑
𝜌𝑑
and 𝜆 =
𝜌𝑐
𝜂𝑐

(23)

where 𝜁 and 𝜆 signify the density and viscosity ratios, respectively. Here, in this paper, we
investigate the effects of Ga, Eo, Bo𝑚 , 𝜆, 𝜁 and 𝛼 on the dynamics of a pair of ferrofluid
droplets falling under the force of gravity g.

4. RESULTS AND DISCUSSIONS
4.1. VALIDATION OF COMPUTATIONAL MODEL
Here, we present the validation of our computational model against the prevalent
works in the literature in terms of the dynamics of a solitary ferrofluid droplet under the
force of gravity g. Figure 2 depicts the transformation of droplet shapes at different times
under the influence of gravity at Ga = 1600, Eo = 1.24, 𝜁 = 1.12, and 𝜆 = 0.1. From Figure
2(a), it can be seen that the droplet starts to fall under gravity, and with time the round
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(a)

(b)

Figure 2. Freely falling droplet under the influence of gravity at Ga = 1600, Eo = 1.24,
𝜁 = 1.12, and 𝜆 = 0.1. (a) Droplet shape transformation; and (b) Comparison of vertical
droplet migration results against Shi et al. [Shi et al., 2014], 𝑦★𝑑 vs time.

shaped droplet transforms into an oblate shaped droplet due to the effect of inertial force.
Moreover, the vertical trajectory of the droplet is plotted in Figure 2(b), which apparently
indicates a linear trend in the trajectory of the droplet after the droplet reaches an equilibrium
shape. Furthermore, the droplet shapes and trajectories are found to agree quantitatively
well with the findings of Shi et al. [Shi et al., 2014], and the discrepancy between our total
trajectory results and the findings of Shi et al. is perceived to be approximately 9%. The
major reason behind this discrepancy can be attributed to the fact that in their paper, they
mentioned rounded values of dimensionless groups, whereas the exact values would help
reduce the errors in the simulation to a greater extent. Note that, here, the position of the
droplet centroid 𝑦★𝑑 is non-dimensionalized with respect to the radius of the trailing droplet
(i.e., 𝑦★𝑑 = 𝑦 𝑑 /𝑅0 ).
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Table 1. Maximum mesh element size in the computational domain.
Mesh 1
0.11𝑅0

Mesh 2
0.07𝑅0

(a)

Mesh 3 Mesh 4
0.06𝑅0 0.04𝑅0

(b)

Figure 3. Grid independence test using different mesh configurations at Ga = 1600,
Eo = 1.24, and 𝜁 = 1.12. (a) Steady state droplet shape at 𝑡★ = 22.2 (Bo𝑚 = 0); and (b)
Steady state droplet shape at 𝑡★ = 14.8 (Bo𝑚 = 8, 𝛼 = 90◦ ).

4.2. GRID INDEPENDENCE TEST
A grid independence check is also conducted to ensure that our computational model
is capable of generating good results within a reasonable amount of time. Figure 3 shows
the shapes of a droplet suspended in another viscous medium at Ga = 1600, Eo = 1.24,
and 𝜁 = 1.12 for different mesh configurations, which are again tabulated in Table 1, and
it can be seen that when the maximum mesh element size in the computational domain is
less than or equal to 0.07𝑅0 , the droplet shapes are identical to each each other. As a result,
we have decided to use 0.07𝑅0 as the magnitude of maximum mesh element size in the
computational domain throughout the rest of the simulations in this paper. Furthermore,
the validation of the rheology of a ferrofluid droplet exposed to a uniform magnetic field is
demonstrated in our previous work [Hassan et al., 2018].
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(a)

(b)

Figure 4. Transformation of droplet shapes under gravity at Ga = 1600, Eo = 1.24, and
𝜆 = 1. (a) Δ𝑌0★ = 5; and (b) Δ𝑌0★ = 6.

4.3. EFFECT OF INITIAL VERTICAL SEPARATION
First, we analyze the effect of initial vertical separation between droplets with an aim
to understand how the separation distance affects the dynamic behavior of droplets under the
influence of gravity. In the following sections, the density and viscosity ratios are considered
as 1.12 and 1 (𝜁 = 1.12, 𝜆 = 1), respectively, unless mentioned otherwise. Figure 4(a)
shows the dynamics of the droplets under gravity at Ga = 1600, Eo = 1.24, 𝜆 = 1, and
Δ𝑌0★ = 5. Here, the symbol Δ𝑌 ★ stands for the dimensionless vertical separation distance,
which is nondimensionalized by the radius of the trailing droplet (i.e., Δ𝑌 ★ = Δ𝑌 /𝑅0 ), while
the characteristic velocity 𝑈 and trailing droplet diameter 𝐷 0 are used as scaling parameters
for dimensionless times (𝑡★ = 𝑡𝑈/𝐷 0 ) where the magnitude of the characteristic velocity
√
√
𝑈 equals to g𝐷 0 (i.e., 𝑈 = g𝐷 0 ). Figure 4(a) indicates that as time progresses, the
droplets start to fall under gravity, and the trailing droplet, owing to larger fluid volume,
accelerates faster in compared to the leading smaller sized droplet. Eventually, the trailing
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droplet catches up with the leading droplet (𝑡★ = 25.99), and as soon as the droplets come in
close contact (𝑡★ = 26.73), their interfaces flatten and drainage of the fluid film between the
droplets occurs. Eventually, as the fluid film gets thinner, the van der Waals force activates
and dominates the coalescence event, which ultimately causes the droplets to coalesce into a
large sized droplet (𝑡★ = 27.72). This coalescence phenomenon is similar to the coalescence
event observed in our previous work [Hassan and Wang, 2020a]. Also, the shape of the
droplets remain almost circular throughout the journey due to higher surface tension value,
which prevents the droplets from undergoing large deformation as a result of inertial forces.
Ultimately, after coalescence, the droplet tends to experience greater inertial forces, which
in turn flattens the top surface of the droplet before reaching the bottom of the computational
domain (𝑡★ = 29.7).
On the other hand, Figure 4(b) shows the trajectory of the droplets at Ga = 1600,
Eo = 1.24, 𝜆 = 1, and Δ𝑌0★ = 6, which confirms that when the droplets are separated
by a vertical distance 6𝑅0 instead of 5𝑅0 , the droplets do not experience any coalescence
phenomenon before reaching the bottom surface of the flow domain (𝑡★ = 29.7). The
shapes of the droplets also remain identical as the previous case; however, the results
★ ≥ 6), beyond
indicate that there exists a critical vertical separation distance (i.e., Δ𝑌𝑐𝑟

which no coalescence is observed between the droplets in the flow domain.

4.4. EFFECT OF MAGNETIC FIELD
Magnetic fields are capable of generating additional Maxwell stresses, thus inducing
a mismatch in the normal stress distribution at the fluid-fluid interface and as a result can
be utilized as a potential tool in the manipulation of ferrofluids. Now, we investigate the
effect of magnetic field on the dynamic behavior of gravity induced freely falling ferrofluid
droplets at a fixed Galilei number. The Galilei number and vertical separation distance
are kept constant throughout the rest of the article (i.e., Ga = 1600 and Δ𝑌0★ = 5), unless
mentioned otherwise.
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Figure 5. Dynamic behavior of freely falling droplets under gravity and magnetic fields at
Ga = 1600, Eo = 1.24, 𝛼 = 0◦ , and Δ𝑌0★ = 5. (a) Δ𝑌 ★ vs 𝑡★; (b) Magnetic field, H profiles
around droplets at 𝑡★ = 29.7; and (c) Shape evolution of ferrofluid droplets at Bo𝑚 = 8. The
flow fields in this article consist of flow fields both inside and outside of droplets where the
arrow velocity inside the droplet illustrates the flow fields inside the droplet. The opposite
is true for the flow fields outside the droplets.

4.4.1. 𝜶 = 0◦ . Figure 5 illustrates the dynamic behavior of gravity induced droplets
under the exposure to a uniform magnetic field, applied in a direction perpendicular to the
direction of gravity (i.e., 𝛼 = 0◦ ) at Ga = 1600, Eo = 1.24, and Δ𝑌0★ = 5. Figure 5(a)
suggests that with the increase in magnetic field strengths, the vertical separation between
the droplets increases, which in the end prevents the droplets from undergoing coalescence
in a situation where coalescence phenomenon is typically observed in the absence of any
external forces, except gravity (Figure 4(a)). Moreover, Figure 5(b) shows the magnetic
field profiles around steady shaped droplets at 𝑡★ = 29.7, which indicates an increase in the
deformation of droplets at increased magnetic Bond numbers. Also, from the magnetic field
profiles, it can be seen that a uniform magnetic field exists both inside and outside of the
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droplets where the magnetic field lines act in a direction parallel to the direction of applied
magnetic field. However, the magnetic field lines experience a small deviation along the
interface of the droplets due to a sudden jump in the magnetic properties. Additionally, the
magnetic field exerts a greater magnetic field strength along the equator, while it is least in
magnitude along the poles of the droplets, which in turn aids the droplets in the expansion
along the equator region.
The flow fields both inside and outside of the droplets provide a better explanation
about the dynamics of the freely falling droplets under the exposure to a uniform magnetic
field and gravity. Figure 5(c) shows the development of droplet shapes under the combined
effects of gravity and magnetic fields at Ga = 1600, Eo = 1.24, Bo𝑚 = 8, 𝛼 = 0◦ , and
Δ𝑌0★ = 5, which reveals that when a magnetic field is applied, the droplets start to stretch in
the direction of the magnetic field and attain a steady shape around 𝑡★ = 19.8, resulting in
an increased drag around the droplets. Also, with increased deformation at higher magnetic
Bond numbers, the droplets experience greater drag, which ultimately slows down the
acceleration of the droplets in the flow domain. Moreover, the oblate shaped ellipsoids
suggest the dominance of magnetic field over the surface tension force, although the top
surface of the droplets are slightly flattened in compared to the bottom surface of the droplet
due to the generation of higher pressure on the top surface as a result of inertial forces.
Furthermore, most of the flow field lines pass through the central portion of the droplets;
yet, two circulation zones are formed only along the equatorial ends of the trailing droplet
due to the excessive elongation of the droplet in compared to the leading droplet along the
direction of the magnetic field, which eventually leaves a larger trail as time propagates.
4.4.2. 𝜶 = 90◦ . Next, the magnetic field is employed in a direction parallel to the
direction of flow (i.e., 𝛼 = 90◦ ) to investigate the kinetics of droplets in a gravity induced
flow field, and Figure 6(a) depicts the change in the vertical separation between the droplets
upto coalescence at Ga = 1600, Eo = 1.24, 𝛼 = 90◦ , and Δ𝑌0★ = 5. Figure 6(a) indicates
that with the increase in the intensity of magnetic field, the droplets accelerate faster and

180
(b)
(a)

(c)

Figure 6. Dynamic behavior of freely falling droplets under gravity and magnetic fields at
Ga = 1600, Eo = 1.24, 𝛼 = 90◦ , and Δ𝑌0★ = 5. (a) Δ𝑌 ★ vs 𝑡★; (b) Magnetic field, H profiles
around droplet at representative times; and (c) Shape evolution of ferrofluid droplets at
Bo𝑚 = 8.

coalesce with one another before reaching the bottom surface of the flow domain. Also, the
coalescence phenomenon appears earlier at higher magnetic Bond numbers in compared to
the droplets without the exposure to magnetic fields. Moreover, the magnetic field profiles
around the merged droplets (before the droplet-wall interaction becomes dominant) are
demonstrated in Fig. 6(b), which implies the highest magnetic field strength along the poles
of the droplet and the lowest magnetic field strength along the equator. Also, the droplet
elongates more in the direction of applied magnetic field with a rapid decrease in the droplet
area perpendicular to the the direction of gravity at increased magnetic Bond numbers Bo𝑚 .
Figure 6(c) depicts the evolution of droplet shapes under the amalgamated effect of
gravity and magnetic fields at Ga = 1600, Eo = 1.24, Bo𝑚 = 8, 𝛼 = 90◦ , and Δ𝑌0★ = 5.
It shows that with the initiation of magnetic field, the droplets start to elongate along the
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magnetic field direction (𝑡★ = 7.42), resulting in prolate shaped ellipsoids, which in turn
accelerate faster owing to the generation of a smaller drag around the droplets, following
a decrease in the area projected perpendicular to the direction of gravity. Consequently,
the droplets come into close contact with each other within a short amount of time where
the van der Waals force activates and causes the droplets to merge with one another. After
coalescence, the merged droplet attempts to stabilize through the combined interactions
of inertial and magnetic effects (𝑡★ = 12.37) and eventually reaches an equilibrium shape
around 𝑡★ = 19.8. Additionally, the flow fields around the droplets suggest that immediately
after coalescence (𝑡★ = 12.37), the top portion of the merged droplet experiences increased
inertial forces, which ultimately generates a teardrop shaped droplet in the process.
4.4.3. 𝜶 = 45◦ . Figure 7 illustrates the migration behavior of gravity induced droplets
under the exposure to the magnetic field along the secondary diagonal of the flow domain
(i.e., 𝛼 = 45◦ ) at Ga = 1600, Eo = 1.24, and Δ𝑌0★ = 5. Figure 7(a) suggests that with the
activation of magnetic field, the droplets start to line up along the direction of magnetic field
and turn into prolate ellipsoidal shapes. Subsequently, the droplets begin to migrate downwards along the secondary diagonal of the computational domain under gravity; although,
the trailing droplet travels faster than the leading droplet due to enhanced deformation. Besides, the droplets experience greater deformation at higher magnetic Bond numbers Bo𝑚 .
Moreover, as the trailing droplet approaches closer to the leading droplet, the leading droplet
tends to move in the opposite direction. In this case, the downward diagonal movement
of the droplets can be attributed to the asymmetric velocity profile around the droplets,
generated due to the alignment of the droplets along the direction of the magnetic field
(Figure 7(f)). Additionally, due to the intensified deformation of the trailing droplet, the
flow field becomes massively disrupted and eventually diverts the trajectory of the leading
droplet during close contact (Figure 7(f), 𝑡★ = 29.7).

182

(a)

(f)

(b)

(c)

(d)

(e)

(g)

Figure 7. Migration behavior of freely falling droplets under gravity and magnetic fields
at Ga = 1600, Eo = 1.24, 𝛼 = 45◦ , and Δ𝑌0★ = 5. (a) Droplets’ trajectories at various
magnetic field strengths; (b) Vertical position of droplets, 𝑦/𝑅0 vs 𝑡★; (c) Change in vertical
position between droplets, Δ𝑌 ★ vs 𝑡★; (d) Horizontal position of droplets, 𝑥/𝑅0 vs 𝑡★; (e)
Change in horizontal position between droplets, Δ𝑋 ★ vs 𝑡★; (f) Flow field inside and around
droplets at Bo𝑚 = 8; and (g) Magnetic field, H profiles around droplets at 𝑡★ = 29.7.
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Figure 7(b) shows the vertical position of the droplets at different magnetic field
strengths, which further indicates a decrease in the trailing droplet velocity at higher magnetic Bond numbers Bo𝑚 . This phenomenon can be attributed to the increased drag that
arises due to the greater droplet deformation at higher magnetic Bond numbers Bo𝑚 . However, at Bo𝑚 = 3.24, the trailing droplet travels slightly faster than the droplet without
magnetic field due to the generation of minimal drag that emerges as a result of the alignment of the droplet and reduced projection area in a direction perpendicular to the direction
of gravity. Contrarily, the leading droplet, being smaller in size, is minimally affected
by the change in magnetic field strengths and follows similar trajectories at all magnetic
bond numbers Bo𝑚 . Additionally, the vertical separation distance between the droplets are
plotted in Figure 7(c), which also shows an increased vertical separation at higher magnetic
field intensities.
Moreover, the horizontal position of the droplets at different magnetic Bond numbers
are represented in Figure 7(d), which indicates that with an increase in the magnetic field
intensity, both trailing and leading droplet experience larger migration in the horizontal
direction; however, the trailing droplet migrates further than the leading droplet and reaches
closer to the left wall of the domain. Interestingly, around 𝑡★ = 20, the leading droplet
changes its course of travel and starts to move in the opposite direction. Also, the migration
of the leading droplet in the opposite direction decreases with the increase in the magnetic
field strength. The prime rationale behind these events can be contributed to the fact that
as the trailing droplet comes closer to the leading droplet, the flow field around the trailing
droplet tends to push the leading droplet in the opposite direction (Figure 7(f)), and at a
higher magnetic Bond number, due to the increase in the vertical separation between the
droplets, the leading droplet encounters smaller interaction from the flow field of the trailing
droplet i.e., the migration rate of the leading droplet in the opposite direction decreases.
Finally, the horizontal separation distance between the droplets in 7(e) suggests an increase
in the separation along the horizontal direction at an increased magnetic field strength.
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Figure 8. Shape evolution of freely falling droplets under gravity at Ga = 1600 and
Δ𝑌0★ = 5. (a) Eo = 1.24; (b) Eo = 4.74; and (c) Eo = 9.48.

4.5. EFFECT OF SURFACE TENSION
In multi-phase flows, surface tension force typically emerges as a result of mismatch
of intermolecular forces on the interface and is dependent on the magnitude and type of
intermolecular forces in the interfacial region. Moreover, it plays a fundamental role in
a variety of processes, involving liquid-liquid interaction, liquid jets disintegration, and
droplet/bubble formation. In particular, the importance of surface tension is imperative
to the understanding of physics behind dye[Hancock et al., 2011], varnish, and ink man-
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ufacturing[Watanabe, 2006]. As a result, in this section, we analyze the effect of surface
tension on the dynamic behavior of droplets falling under the combined effect of gravity
and magnetic fields.
Figure 8 illustrates the evolution of droplet shapes falling under gravity at Ga = 1600
and Δ𝑌0★ = 5. Here, Eötvös number Eo (a dimensionless group) is used to express the
relationship between gravitational and surface tension forces, which again can be calculated
using Equation 19. From Figure 8 it can be seen that at Eo = 1.24, the droplets retain
almost circular shapes throughout their journey and eventually undergo coalescence before
reaching the bottom wall of the computational domain, while experiencing minimal effects
from inertial forces. However, as the Eötvös number Eo increases (i.e., Eo = 4.74), the
droplets tend to transform into oblate ellipsoidal shapes, and the top surface of the trailing
droplet encounters increased inertial forces, which ultimately flattens the top interface of
the trailing droplet. Moreover, if we keep increasing Eo (i.e., Eo = 9.48), a wedge appears
on the top surface of the trailing droplet, which subsequently progresses with time and
tends to push the liquid on the top surface towards the bottom surface of the droplet.
Also, no coalescence is observed at higher Eo (Figure 8(b), (c)), instead an increased
vertical separation distance is noticed between the droplets. This happens because with a
decline in the magnitude of surface tension values, the droplets are susceptible to enhanced
deformation, thereby resulting in an increased droplet area in a direction perpendicular to
the direction of gravity, which consequently magnifies the drag around the droplets (i.e.,
vertical separation distance increases).
4.5.1. 𝜶 = 0◦ , 90◦ . Now, we enforce a uniform magnetic field of constant strength
(i.e., 𝐻 = 3500 A/m) along the horizontal (i.e., 𝛼 = 0◦ ) and vertical (i.e., 𝛼 = 90◦ ) directions
to investigate the dynamic behavior of droplets at variable Eötvös numbers Eo under the
combined effect of gravity and magnetic fields. Figure 9(a) represents the change in the
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Figure 9. Dynamic behavior of freely falling droplets under gravity and magnetic fields at
Ga = 1600, 𝐻 = 3500 A/m, and Δ𝑌0★ = 5. (a) Δ𝑌 ★ vs 𝑡★ at 𝛼 = 0◦ ; (b) Evolution of droplet
shapes at different Eötvös numbers Eo along 𝛼 = 0◦ ; (c) Δ𝑌 ★ vs 𝑡★ at 𝛼 = 90◦ ; and (d)
Evolution of droplet shapes at different Eötvös numbers Eo along 𝛼 = 90◦ .

vertical separation distance between the droplets at Ga = 1600, 𝐻 = 3500 A/m, 𝛼 = 0◦ ,
and Δ𝑌0★ = 5, which indicates an increase in the vertical separation distance Δ𝑌 ★ with an
increase in the Eötvös number Eo.
The trajectory of the droplets at variable Eötvös numbers Eo can be better explained
by the evolution of droplet shapes, illustrated in Figure 9(b). Previously, from Figure 8,
we have realized that in the absence of any external forces except gravity, the droplets
lean towards undergoing deformation in the horizontal direction. Now, as soon as the
magnetic field is applied along 𝛼 = 0◦ , the magnetic field additionally assists the droplets
in deforming along the favorable direction and thereby increases the deformation of the
droplets in the process. At a lower Eo (i.e., Eo = 1.24), the magnetic field is not strong
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enough to deform the droplets along the horizontal direction in compared to surface tension
forces, which in general has a tendency to resist deformation and maintain circular droplet
shapes. Ultimately, before reaching the bottom wall, the droplets coalesce into a larger sized
droplet, which is represented by a black outline in Figure 9(b). But, as the Eo increases,
the magnetic field becomes dominant and elongates the droplets along the direction of the
magnetic field, thereby resulting increased drag, which eventually prevents coalescence and
increases the vertical separation distance between the droplets. Also, due to the dominance
of magnetic field, even at a higher Eo (i.e., Eo = 9.48), the appearance of wedge becomes
less pronounced on the top interface of the trailing droplet, which subsequently contributes
in generating round-bottom hull shaped droplets.
On the other hand, Figure 9(c)-(d) represents the dynamic behavior of droplets under
compounded effect of gravity and magnetic fields in a direction parallel to the direction of
gravity (i.e., 𝛼 = 90◦ ) at variable Eötvös numbers Eo. From Figure 9(c), it can be seen
that the vertical separation distance between the droplets Δ𝑌 ★ decreases with the increase
in Eo, and eventually the droplets merge with each other before reaching the bottom of the
computational domain. Also, the time required to initiate coalescence between the droplets
decreases with the increase in Eo, although a minimal difference in the coalescence time is
observed even at higher magnitudes of Eo.
Moreover, Figure 9(d) shows the outline of the droplets, which further provides an
in-depth understanding about the merging phenomenon in the flow domain at variable Eo.
At a lower Eo (i.e., Eo = 1.24), the droplets exhibit greater resistance to deformation induced
by the magnetic fields. Although, in the initial stage, the magnetic field tries to extend the
droplet along the magnetic field direction, the pressure exerted on the top surface of the
trailing droplet by the inertial forces tends to squeeze the top portion of the droplet interface
towards the bottom portion of the droplet, resulting in a nearly circular shaped droplet in
the process. Consequently, as time advances, the trailing droplet approaches closer to the
leading droplet, which instantly activates the van der Waals interaction between the droplets
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and causes coalescence. However, as Eo increases (i.e., Eo = 4.74), the droplets start to
transform into prolate ellipsoidal shapes, followed by an increased deformation, which again
reduces the amount of drag around the droplets to promote faster coalescence. Furthermore,
at a higher Eo (i.e., Eo = 9.48), both inertial and magnetic effects become dominant, which
ultimately plays a critical role in generating teardrop shaped droplets before coalescence. It
is important to note that, even under the exposure to a similar magnetic field strength (i.e.,
𝐻 = 3500 A/m), the deformation experienced by the droplets along 𝛼 = 90◦ is reasonably
smaller, compared to the deformation induced by the magnetic fields along 𝛼 = 0◦ . The
main reason behind this event can be characterized by the fact that in this case (i.e., 𝛼 = 90◦ ),
the magnetic field tries to expand the the droplet in a direction opposite to the direction of
inertial force (i.e., deformation decreases), whereas along 𝛼 = 0◦ , since the droplets stretch
in an orthogonal direction to the direction of inertial force, it enacts the magnetic field to
act independently and increase the deformation of droplets at higher Weber numbers Eo.
4.5.2. 𝜶 = 45◦ . Figure 10(a)-(e) depicts the migration behavior of a pair of ferrofluid droplets falling under gravity at Ga = 1600, Δ𝑌0★ = 5 and subjected to a uniform
magnetic field of strength 𝐻 = 3500 A/m along the secondary diagonal of the flow domain
(i.e., 𝛼 = 45◦ ). Figure 10(a) indicates that at a lower Eötvös number Eo (i.e., Eo = 1.24),
when the magnetic field activates, the droplets tend to align themselves along the direction
of the magnetic field. Moreover, the shape of the leading droplet, owing to a smaller fluid
volume, is not greatly affected by the magnetic field, compared to the impact sustained
by the trailing droplet. Subsequently, due to smaller deformation, the droplets experience
coalescence before hitting the bottom wall of the flow domain. In contrast, at higher Eo
(i.e., Eo = 4.74), the droplets demonstrate less resistance to deformation, which in turn
generates ellipsoidal shaped droplets in the process. Note that, with the increase in Eo, the
inertial effects become stronger and ultimately contribute in flattening the top interface of
the trailing droplet, whereas the shape of the leading droplet remains approximately the
same throughout its journey in the domain. Also, due to the orientation of the droplets along
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Figure 10. Droplet dynamics at Ga = 1600, 𝐻 = 3500 A/m, 𝛼 = 45◦ , and Δ𝑌0★ = 5. (a)-(e)
Migration behavior of freely falling droplets under gravity and magnetic field at Ga = 1600,
𝐻 = 3500 A/m, 𝛼 = 45◦ , and Δ𝑌0★ = 5. (a) Droplets’ trajectories at various magnetic
field strengths; (b) Vertical position of droplets, 𝑦/𝑅0 vs 𝑡★; (c) Change in vertical position
between droplets, Δ𝑌 ★ vs 𝑡★; (d) Horizontal position of droplets, 𝑥/𝑅0 vs 𝑡★; (e) Change in
horizontal position between droplets, Δ𝑋 ★ vs 𝑡★; (f)-(g) Behavior maps of falling droplets
under gravity and magnetic fields at Ga = 1600, 𝜆 = 1, 𝜁 = 1.12, and Δ𝑌0★ = 5 where
square markers (maroon color) and circular markers (violet color) represent no coalescence
region and coalescence region, respectively. (f) Droplets’ behavior under various magnetic
Bond numbers Bo𝑚 at Eo = 1.24; and (g) Droplets’ behavior under various Eötvös numbers
Eo at 𝐻 = 3500 A/m.
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the magnetic field direction, the droplets experience relative motion along the direction of
the magnetic field, which in turn assists the droplets in migrating towards the left wall of
the domain. Furthermore, at Eo = 9.48, wedge is more pronounced on the top surface
of the trailing droplet, and the droplet exhibits larger migration towards the magnetic field
direction.
Additionally, at higher Eötvös numbers Eo, Figure 10(c) suggests a larger vertical
separation distance between the droplets, followed by a decline in the migration rate of the
droplets (Figure 10(b)), which is also similar to the phenomenon observed in Figure 7(b) and
(c). However, in this case, the leading droplet demonstrates an obvious decline in migration
rate at larger Eo (Figure 10(b)). On the other hand, in contrast to the vertical trajectory,
the horizontal position of the trailing droplet demonstrates larger migration rate along the
horizontal direction at an increased Eo (Figure 10(d)). Interestingly, irrespective of different
Eo, the leading droplet remains along the central portion of the domain for a long time (upto
𝑡★ = 15) until the trailing droplet nears closer to the leading droplet and pushes the leading
droplet towards positive 𝑥-axis. Finally, the increasing trend of the horizontal separation
distance between the droplets at higher Eo is shown in Figure 10(e). Also, the behavior of
droplets at different magnetic Bond numbers (Bo𝑚 ) and Eötvös numbers (Eo) along various
magnetic field directions under investigation are mapped in Figure 10(f)-(g), which depicts
the coalescence and no coalescence regimes under different operating conditions.

4.6. EFFECT OF DENSITY AND VISCOSITY RATIO
In the final section, we suspend a pair of ferrofluid droplets in air to investigate
the dynamic interaction between droplets under gravity and magnetic fields at Ga = 2875,
Eo = 2.17, 𝜆 = 49.1, and 𝜁 = 816.3, which is also a common scenario in inkjet printing
process. Here, like the previous sections, the initial separation distance Δ𝑌0★ and droplet
sizes are kept constant; however, the properties of air and ferrofluid give rise to a huge
contrast in density and viscosity ratios.
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Figure 11. Migration behavior of falling ferrofluid droplets in air under gravity and magnetic
fields at Ga = 2875, Eo = 2.17, 𝜆 = 49.1, 𝜁 = 816.3, and Δ𝑌0★ = 5. (a) Droplets’ trajectories
at Bo𝑚 = 0; (b) Droplets’ trajectories at Bo𝑚 = 2.11; (c) Change in vertical position between
droplets, Δ𝑌 ★ vs 𝑡★; and (d) Change in horizontal position between droplets, Δ𝑋 ★ vs 𝑡★.

Figure 11 illustrates the migration behavior of falling ferrofluid droplets in air under
gravity and magnetic fields at Ga = 2875, Eo = 2.17, 𝜆 = 49.1, 𝜁 = 816.3, Δ𝑌0★ = 5,
and from Figure 11(a) it can be seen that the droplets experience minimal deformation and
migrate downwards under the influence of gravity. However, if a magnetic field is applied
along 𝛼 = 0◦ , the droplets turn into oblate shaped ellipsoids, while prolate shaped droplets
are generated along 𝛼 = 90◦ . On the other hand, the implementation of magnetic field along
𝛼 = 45◦ compels the droplets to deform along the magnetic field direction, which eventually
contributes in the droplets’ motion along the secondary diagonal of the flow domain due
to asymmetry in the shapes with respect to the direction of gravity. These phenomenon
are similar to the events observed in previous sections; except, due to a huge contrast in
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viscosity ratio, no coalescence is observed either under the presence of gravity or gravity
and magnetic fields. The droplets also do not migrate in divergent directions along 𝛼 = 45◦
before the impact, in a situation where the droplets usually coalesce under gravity alone
before impact at 𝜆 = 1, 𝜁 = 1.12, and Δ𝑌0★ = 5. Moreover, as time evolves, the projected
area of droplets perpendicular to the direction of gravity increases (𝛼 = 0◦ and 45◦ ) where
the drag force comes into action and plays a vital role in the larger separation between
droplets along the vertical direction (Figure 11(c)), while elongation of droplets along
the gravity direction reduces the effect of drag force i.e., the vertical separation distance
between droplets decreases (𝛼 = 90◦ ). Additionally, Figure 11(d) suggests an increase in
the horizontal separation between droplets at 𝛼 = 45◦ , while the droplets maintain their
positions along the center throughout the journey at 𝛼 = 0◦ , 90◦ , and Bo𝑚 = 0. Furthermore,
it is important to note that when the droplets are dispersed in the air, the migration velocity
of the droplets significantly increases, and the leading droplet reaches the bottom of the
flow domain in an extremely short amount of time (𝑡★ = 2.48), which can be attributed to
the dominant effect of inertial forces at Ga = 2875 and 𝜁 = 49.1.
Overall, the results from the effects of magnetic field, surface tension, density and
viscosity ratios suggest that the freely falling droplets, followed by a transformation in
dynamic shapes, can be either expedited or delayed to coalescence, which consequently
contributes towards the separation and migration of droplets along different directions in
a situation where the droplets usually coalesce under the effect of gravity (i.e., Δ𝑌0★ = 5).
Also, it is observed that even without the presence of magnetic field, if droplets are separated
by an appropriate initial vertical distance, they experience coalescence under gravity, which
further proves the independency of coalescence phenomenon on the magnetic properties
of ferrofluid droplets. However, if a magnetic field is applied, the magnetic properties of
ferrofluid droplets aid them in aligning themselves along the direction of magnetic field
with increased deformation, which, depending on magnetic field directions, either hinders
or expedites the coalescence process. In our study, we assumed standard properties of
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typical ferrofluids at isothermal conditions, which are non-conducting, paramagnetic, and
linearly magnetizable [Rosensweig, 1985]. Ultimately, these findings will be useful in
controlling the spreading and rebounding of droplets on the bottom wall of the domain,
which plays an important role in determining the resolution of printing techniques.

5. CONCLUSION
In this article, numerical simulations are implemented to investigate the dynamic
interaction behavior between two uneven sized ferrofluid droplets falling under the combined
exposure to gravity and uniform magnetic fields. The results suggest that at a fixed Galilei
number (i.e., Ga = 1600), Eötvös number (i.e., Eo = 1.24), and viscosity ratio (i.e., 𝜆 = 1),
in the absence of any external forces except gravity, there exists a critical initial vertical
★ between the droplets where they evade coalescence phenomenon
separation distance Δ𝑌𝑐𝑟
★ ≥ 6). Also, applying a uniform magnetic
before hitting the bottom wall of the domain (Δ𝑌𝑐𝑟

field along 𝛼 = 0◦ results in a larger separation distance between the droplets at increased
magnetic bond numbers Bo𝑚 , thus impeding coalescence phenomenon in a situation where
the droplets usually experience coalescence (i.e., Δ𝑌0★ = 5). Alternately, the coalescence
event is sharply promoted through the application of the magnetic field along 𝛼 = 90◦ .
Moreover, at 𝛼 = 45◦ , the ellipsoidal shaped droplets sustain a downward lateral migration
along the secondary diagonal of the domain, followed by a larger horizontal and vertical
separation distance at higher Bo𝑚 (i.e., Bo𝑚 = 8).
Furthermore, we investigated the effect of surface tension on the dynamic behavior of
droplets at a fixed Ga (i.e., Ga = 1600) and Δ𝑌0★ (i.e., Δ𝑌0★ = 5). In the absence of magnetic
fields, the results indicate a larger vertical separation distance between the droplets at a
higher Eo (i.e., Eo = 9.48), followed by a generation of wedge on the top interface of the
trailing droplet, while the leading droplet remains unaffected. Moreover, application of a
magnetic field along 𝛼 = 0◦ generates round-bottom hull shaped droplets, which ultimately
contributes in the larger separation between the droplets at higher Eo (i.e., Eo = 9.48).
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On the other hand, at 𝛼 = 90◦ , the droplets transform into teardrop shaped droplets and
consequently coalesce with one another. Also, the coalescence time decreases with the
increase in Eo. Additionally, applying the magnetic field along 𝛼 = 45◦ greatly impedes
the coalescence phenomenon and plays a pivotal role in the migration of the droplets along
diagonal directions in the flow domain at higher Eötvös numbers Eo (i.e., Eo = 9.48).
Also, an investigation on the suspension of droplets in an air medium demonstrates that
the droplets do not experience any coalescence phenomenon in the presence of gravity or
gravity and magnetic fields, which is eventually followed by a significantly faster migration
rate in the domain. Nonetheless, the results imply the advantages of magnetic field as a
prospective tool in the manipulation of interaction behavior between gravity induced uneven
sized droplets, which is particularly important in inkjet printing and dropwise condensation
heat transfer process.
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ABSTRACT
Hydrophobic substrates are widely used in a number of industrial and technological
applications due to their extreme repellent properties where the performance of the substrate is critically dependent on understanding the relationship between the droplet impact
characteristics and wetting properties. This work systematically investigates the wetting and
bouncing dynamics of an impinging ferrofluid droplet on hydrophobic surfaces under the
presence of both gravity and permanent magnetic fields. The numerical simulations employ
a Cahn-Hilliard equation based phase field (PF) method to track the dynamic free interface
of the droplet in two-phase flows. The results suggest that a non-uniform magnetic field
increases the maximum droplet spreading even on hydrophobic surfaces, which usually have
low surface energies and tend to repel droplets. Moreover, increased magnitudes of magnetic field strength and magnet size are found to increase the droplet spreading on a range
of different hydrophobic substrates (i.e., 90◦ ≤ 𝜃 𝑐 ≤ 150◦ ). Furthermore, an interesting
bouncing phenomenon is observed in low viscous droplets on superhydrophobic surfaces
at We ≈ 15 where the droplet moves upward, against gravity, after impact. However, the
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activation of magnetic field significantly suppresses the bouncing event and pins the droplet
to the surface. Additionally, several experiments are performed on droplet impact and
bouncing dynamics, which are found to be in good agreement with the numerical findings.
Keywords: Wetting, Bouncing, Ferrofluid droplet, Contact angle, Magnetic field, Hydrophobicity

1. INTRODUCTION
Spray cooling is considered as an efficient method for swift heat removal from
solid surfaces, which is of immense interest in electronic cooling [Cader et al., 2004,
Kim, 2007] and other heat flux industrial applications [Chen et al., 2002, Smakulski and
Pietrowicz, 2016, Tan et al., 2013]. In this process, a liquid is forced through a tiny aperture,
which eventually disintegrates into a fine dispersion of small droplets that ultimately impact
a heated surface. Subsequently, followed by a spreading phenomenon on the surface,
the droplets either evaporate or generate a thin layer of liquid film due to latent heat of
evaporation and thereby releasing a significant amount of energy at low temperatures.
Moreover, the initial droplet spreading plays a substantial role on the evaporation heat
transfer process [Dash and Garimella, 2014, Healy et al., 2001], while the final shape of the
droplet is essential in the determination of the performance of the coating of the substrate
[Fauchais et al., 2004]. Additionally, spray cooling is equally important in the cooling of
human skin layer during dermatological laser therapy in patients with stained birthmarks
[Aguilar et al., 2001, Basinger et al., 2004]. Therefore, it is imperative to have an intensive
understanding of the complex spreading dynamics of droplets in order to achieve an efficient
and controlled droplet deposition technique on target substrates.
When the size of droplets is smaller than the capillary length, the impact process
is typically governed by the inertial, capillary, and viscous forces, which is accomplished
in five consecutive stages i.e., kinematic, spreading, relaxation, wetting, and equilibrium
phases. Moreover, during the spreading phase, the spreading diameter of the impinging
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droplet undergoes continuous changes, which in turn affects the heat transfer in spray
cooling process [Lin and Ponnappan, 2003]. Several analytical [Chandra and Avedisian,
1991, Madejski, 1976, Yonemoto and Kunugi, 2017] and experimental [Kim and Chun,
2001, Pasandideh-Fard et al., 1996, Scheller and Bousfield, 1995] works on the spreading
dynamics of droplets are reported in the literature, which discuss the relationship between
the maximum droplet spreading and several dimensionless groups that affect the droplet
dynamics. These dimensionless groups include but are not limited to Reynolds number
(ratio between inertial and viscous forces), Weber number (ratio between inertial and surface
tension forces), and Ohnesorge number (ratio between viscous, inertial, and surface tension
forces). Moreover, the interaction between the bottom solid substrate and the droplet is
crucial to the overall dynamics of droplet spreading, which again can be described by the
contact angle — an equilibrium parameter among solid, liquid, and vapor interfaces.
Lin et al. [Lin et al., 2018] conducted an experimental investigation on the impacts
of droplets on different substrates and concluded that the outcome of the spreading depends
not only on the physical property of the droplet but also on the wettability of the substrate.
Yang et al. [Yang et al., 2013] studied the recoil and oscillation of single droplets on surfaces
with different wettabilities and observed that for droplets with lower Weber numbers,
both inertia and capillary effects are significant in the initial spreading stages, while at
higher Weber numbers, inertia dominates the spreading process. Also, Kim and Chun
[Kim and Chun, 2001] performed both analytical and experimental investigations on the
recoiling behavior of droplet after maximum spreading, while an experimental study on the
spreading of a single water-ethanol droplet on a heated surface is conducted by Liu et al. [Liu
et al., 2021] Moreover, multiple authors [Clanet et al., 2004, Roisman, 2009, Savva et al.,
2010, Vellingiri et al., 2011] proposed several analytical approaches to estimate the droplet
impact outcome based on the energy changes in the system and geometric assumptions
of the spreading droplets. Several numerical works [Kamnis et al., 2008, Lunkad et al.,
2007, Milacic et al., 2019, Parizi et al., 2007] also explored the phenomenon behind
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droplet spreading on different substrates. Russo et al. [Russo et al., 2020] implemented a
volume of fluid (VOF) method to simulate droplet impact on spatially wettability patterned
surfaces, whereas a lattice Boltzmann method (LBM) is adopted by Gupta and Kumar
[Gupta and Kumar, 2010] to track the splashing behavior of droplets on a dry surface.
Additionally, Zhang et al. [Zhang et al., 2008] used a smoothed particle hydrodynamics
algorithm to simulate the spreading, splashing, and solidification of a zirconia droplet and
found that the droplet encounters a breakup when impacted at an angle less than 44◦ with
higher Reynolds numbers. Furthermore, a review on the recent developments of droplet
impact dynamics and kinematics on superhydrophobic surfaces is thoroughly presented
by Khojasteh et al. [Khojasteh et al., 2016], which again surveys the effects of surface
characteristics on the deformation of an impinging droplet.
In addition to hydrodynamic forces, droplet manipulation can be achieved through
the utilization of external forces i.e., electric [Emdadi and Pournaderi, 2020, Song et al.,
2013] or magnetic fields [Hassan and Wang, 2019, 2020a,b, Hassan et al., 2018, 2021a,b,
Zhang et al., 2019]. However, in order to attain magnetic control, either the continuous
phase or droplet phase needs to be a ferrofluid [Papell and Faber, 1968]— a fluid with
magnetic properties, which due to its unique response to magnetic fields has gained immense
popularity in numerous applications, including cancer treatment [Lübbe et al., 1996], sealing
rotating shafts [Raj and Moskowitz, 1990], and heat exchangers [Odenbach, 2008]. Also,
since a ferrofluid offers greater flexibility in operations, it shows huge promise in 3D metal
printing process where the quality of printing, followed by shape distortion of metal, is
defined by the overall spreading dynamics of droplet during laser operation [Visser et al.,
2015]. Zhang et al. [Zhang et al., 2016] developed a theoretical model to predict the
spreading of liquid metal drops on a dry surface under vertical magnetic fields, while an
electromagnet is utilized by Zhou and Jing [Zhou and Jing, 2019] to investigate the impact
dynamics of a ferrofluid droplet on a rigid surface. Moreover, Han et al. [Han et al., 2018]
conducted a three-dimensional numerical study on the effects of magnetohydrodynamics

204
(MHD) on the spreading characteristics of a liquid metal droplet on a flat solid surface and
observed an inhibition effect on the spreading dynamics under horizontal magnetic fields.
Additionally, we have demonstrated versatile manipulation of droplets using magnetic fields
in our previous works [Hassan and Wang, 2019, 2020a,b, Hassan et al., 2018, 2021b, Zhang
et al., 2019].
However, the majority of numerical works on droplet impact are focused on using
electromagnets on liquid metal droplets to achieve control on the spreading dynamics
of droplet, while the experimental investigations are either based on water droplet [Kim
and Chun, 2001]/low viscous droplet [Lin et al., 2018] spreading under gravity alone or
metal liquid droplets [Zhou and Jing, 2019]. Recently, Ahmed et al. [Ahmed et al., 2018]
performed an experimental analysis on the effects of magnetic fields on the spreading
dynamics of a ferrofluid droplet (with fixed properties) and realized that magnetic fields
are capable of maneuvering the droplet spreading without the need of inducing a change in
surface chemistry; although, an in-depth understanding on the effects of viscosity, magnet
size, and solid substrates with different wettabilities on droplet impact are missing in their
work. Up to the authors’ knowledge, no numerical investigations have been performed
on the complex spreading phenomenon of a ferrofluid droplet under the presence of nonuniform magnetic fields at moderate Reynolds numbers (i.e., Re ≤ 15). As a result, in this
article, we perform both numerical and experimental investigations to analyze the effects
of a non-uniform magnetic field on the wetting and bouncing dynamics of an impinging
ferrofluid droplet on hydrophobic substrates. Here, a 2D axisymmetric numerical scheme
is chosen in order to investigate a wide range of variables, e.g., magnetic field strength,
magnet size, and viscosity ratio. This also provides the feasibility in terms of the utilization
of computational resources, while generating accurate results in a reasonable amount of
time. Additionally, a phase field (PF) method [Boyer, 1999, Gurtin et al., 1996, Han et al.,
2021, Hohenberg and Halperin, 1977, Liu and Shen, 2003, Nochetto et al., 2014, Qian et al.,
2003] is incorporated in the numerical scheme in order to couple both flow and magnetic

205
Table 1. Droplet properties.
Parameter
Density of droplet phase
Viscosity of droplet phase
Interfacial tension

Symbol
𝜌𝑑
𝜂𝑑
𝜎

Value
1220
1-116
63

Unit
kg/m3
mPa·s
mN/m

fields. The finite element discretization for the phase field method [Bai et al., 2020, 2017,
Bao et al., 2012, Diegel et al., 2015, Feng, 2006, Feng et al., 2007, 2016, Feng and Wise,
2012, Gao et al., 2018, Li et al., 2020, Nochetto et al., 2016, Yang et al., 2019, Zhang et al.,
2021] is utilized in a commercial solver (COMSOL 5.3) to perform the simulations under
consideration.
The paper is organized as follows: In Sec. 2, a discussion on the numerical model
is presented, while an in-depth analyses on the adopted computational algorithm scheme
and governing equations are provided in Sec. 3. Next, Sec. 4 discusses the effects of
the magnetic field, magnet size, and viscosity ratio on the post-impact wetting dynamics
of droplet on hydrophobic surfaces. Finally, followed by a short summary on the critical
findings in Sec. 5, the validation of numerical model against the existing theories and
experiments is provided in Appendix A.

2. NUMERICAL MODEL
Figure 1 illustrates the schematic representation of an axi-symmetric configuration
of a droplet impinging on a hydrophobic substrate under gravity g and non-uniform magnetic fields, H0 . Both air and droplet phases are considered as incompressible, isothermal,
and viscous fluids in the numerical approach. The dimensions of the axisymmetric computational domain are denoted by 𝑊𝑑 and 𝐻𝑑 , which simultaneously represent the width
and height of the axi-symmetric domain. Here, the width of the domain is considered large
enough so that the walls exert no effect on the spreading dynamics of the impinging droplet.
Also, the basic properties of the fluids are symbolized by 𝜌 (density) and 𝜂 (viscosity),
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Figure 1. Schematic illustration of an axi-symmetric configuration of a droplet impinging
on a hydrophobic substrate under gravity g and non-uniform magnetic fields, H0 .

while the subscripts 𝑎 and 𝑑 signify the properties of air and droplet phases, respectively.
Moreover, the droplet contains magnetic properties and has a magnetic permeability equal
to 5𝜇0 (i.e., 𝜇 𝑑 = 5𝜇0 ), while air is non-magnetic with a magnetic permeability equal to
permeability of vacuum 𝜇0 (i.e., 𝜇𝑎 = 𝜇0 ). An open boundary condition is applied to the top
boundary of the computational domain, while the bottom surface is subjected to a wetted
wall condition, which again determines the wettability of the surface. Additionally, the
right boundary uses a no slip boundary condition, whereas the left boundary is considered
as the symmetry axis in the axi-symmetric numerical simulations.
Initially, a droplet, having an initial diameter 𝐷 0 , starts to fall under gravity g
with an initial velocity greater than zero (i.e., 𝑈0 > 0). Next, the droplet is exposed
to a cylindrical permanent magnet of radius 𝑊𝑚 and thickness 𝐻𝑚 with a non-uniform
magnetic field H0 near the bottom substrate, which again maintains a vertical separation
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Δ𝑌0 with the bottom hydrophobic surface. Eventually, under gravity the droplet starts to
approach the bottom substrate, and when the droplet comes near the vicinity of the magnet,
it experiences the interactions of the magnetic fields. Ultimately, the spreading dynamics of
the impinging droplet after impact on a hydrophobic surface is influenced by the combined
effects of gravity and magnetic fields and can be further characterized by the spreading
diameter 𝑑 and apex height ℎ. Moreover, during the spreading phenomenon, the droplet
experiences a transition in the contact angle 𝜃 𝑐 with the bottom substrate, which in addition
to determining the surface free energy of the bottom substrate, can be utilized to define the
wetting properties of the droplet.

3. COMPUTATIONAL APPROACH
3.1. PHASE FIELD METHOD
Multiphase flows are one of the most common phenomena that occur both in nature
and industrial processes [Gan et al., 2009, Shui et al., 2007, Teh et al., 2008], which
often involve severe topological changes on the interface during the transport mechanism,
including deformation [Hassan et al., 2018], migration [Hassan and Wang, 2020b, Zhang
et al., 2019], breakup Hassan and Wang [2019], and coalescence Hassan and Wang [2020a]
of the interface. As a result, a diffuse-interface approach based phase field (PF) method is
employed in the numerical simulations [Chen et al., 2019, Ding et al., 2007, Huang et al.,
2018, Kim et al., 2004, Lin et al., 2019, Liu and Qiao, 2019, Qin et al., 2021, Shen and
Yang, 2015, Wang and Wise, 2011, Xu et al., 2019, Yang, 2021, Yang et al., 2018, Yue
et al., 2004] to track the free interface of the droplet. This approach is different from the
existing sharp-interface approaches (i.e., LS and VOF methods) in a way that in a diffuseinterface approach, the interface is replaced by a thin but non-zero thickness transitional
region, which undergoes a smooth variation in physical properties across the interface,
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while a signed distance function is utilized in a sharp-interface approach that constantly
requires adjustment of the properties of the distance function during severe deformation of
the interface [Wang et al., 2019].
One popular governing equation of the phase field method is a fourth-order derivative
based Cahn-Hilliard equation (i.e., convection-diffusion type equation), which usually has
an advantage over other sharp-tracking methods in terms of the energy conservation in
multiphase flows. Moreover, the phase field method consists of a phase field variable 𝜙 that
distinguishes the fluid phases by assigning variable magnitudes of 𝜙 in different phases i.e.,
-1 in air phase (𝜙𝑎 = −1) and 1 in droplet phase (𝜙 𝑑 = 1). When 𝜙 equals to 0, it defines
the interface of the droplet (i.e., 𝜙𝑖𝑛𝑡 = 0). Next, the Cahn-Hilliard equation is split up into
two second-order equations in the numerical approach as follows [COMSOL, 2018]:
𝜕𝜙
+ u · ∇𝜙 = ∇𝛾∇𝐺,
𝜕𝑡


𝜙(𝜙2 − 1)
2
𝐺 = 𝜆 −∇ 𝜙 +
.
𝜖2

(1)

In Equation 1, u represents the flow velocity, while 𝐺 denotes the chemical potential of the
system. Moreover, the parameter 𝛾 that represents mobility (m3 ·s/kg) is used to determine
the time scale of diffusion, which in turn is closely associated with the thickness of the
droplet interface 𝜖 (m) as:
𝛾 = 𝜒𝜖 2 .

(2)

In the above equation, the parameter 𝜒 denotes the mobility tuning parameter (m·s/kg),
which ultimately requires a very careful handling in the numerical study since a large
magnitude of 𝜒 would lead to over damping of the convective terms, while a smaller
magnitude leads to incorrect air-droplet interfacial thickness. On the other hand, the
magnitude of 𝜖 is considered half of the maximum element mesh size ℎ𝑚 (i.e., 𝜖 = ℎ𝑚 /2)
in the region passed by the droplet during free fall and spreading process. Moreover,
the surface tension coefficient 𝜎 is related to the mixing energy density 𝜆 and interfacial
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thickness 𝜖 through the following relationship:
√
2 2𝜆
𝜎=
.
3 𝜖

(3)

The phase field method treats the two-phase flow as a single phase flow where the
properties in the flow domain, such as density (𝜌), viscosity (𝜂) vary according to the
volume fraction of different fluid phases:

𝜌 = 𝜌𝑎 + (𝜌 𝑑 − 𝜌𝑎 )𝑉 𝑓 2 ,

𝜂 = 𝜂𝑎 + (𝜂 𝑑 − 𝜂𝑎 )𝑉 𝑓 2

(4)

where 𝑉 𝑓 1 and 𝑉 𝑓 2 signify the volume fraction of air and droplet phases respectively, and
furthermore can be related to the phase field variable 𝜙 as:

𝑉𝑓 1 =

1−𝜙
,
2

𝑉𝑓 2 =

1+𝜙
.
2

(5)

3.2. GOVERNING EQUATIONS
A multiphase flow system involving a Newtonian droplet impinging under gravity
and uniform magnetic fields through another viscous Newtonian fluid is predominantly
governed by the time-dependent continuity and Navier-Stokes equations, which are as
follows:
∇·u=0

(6)

and
𝜌

𝜕u
+ 𝜌 (u · ∇) u = −∇𝑝 + ∇ · 𝝉 + F𝑔 + F𝜎 + F𝑚
𝜕𝑡

(7)

where 𝑝 denotes pressure and 𝝉 represents the viscous stress, which again can be expanded


to 𝜂 (∇u) + (∇u)𝑇 . Moreover, the gravity force 𝜌g is denoted by F𝑔 , while F𝜎 and F𝑚
simultaneously represent the surface tension and magnetic forces. Also, the surface tension
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force F𝜎 is related to the chemical potential of the system 𝐺 and phase field variable 𝜙
through the following relationship:

(8)

F𝜎 = 𝐺∇𝜙.

In addition to gravity forces, the implementation of a magnetic field generates
additional magnetic stresses 𝝉 𝑚 on the interface of droplet due to a change in magnetic
properties, the calculation of which requires an intensive knowledge of Maxwell equations
and related constitutive correlations between magnetic induction B, magnetic field H, and
magnetization M. The correlations are as follows [Stratton, 2007]:

∇ × H = 0,

∇ · B = 0,

M = 𝜒H, and

B = 𝜇0 (H + M) = 𝜇0 (1 + 𝜒)H.

(9)

In the above equation, the parameter 𝜇0 expresses the permeability of vacuum, which equals
to 1.257 × 10−6 H/m. A magnetic scalar potential 𝜓 is defined so that H = −∇𝜓, which
eventually leads to the following relationship:

∇ · (𝜇∇𝜓) = 0.

(10)

Finally, the formulation of the magnetic force F𝑚 assumes the following form [Rosensweig,
1985]:


𝜇 2 
F𝑚 = ∇ · 𝝉 𝑚 = ∇ · 𝜇HH − 𝐻 I
2

(11)

where 𝐻 2 = |H| 2 , I is the identity operator, and 𝜇 is the permeability of the domain that can
be calculated using the phase field variable 𝜙.
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(a)

(b)

Figure 2. Comparison of spreading characteristics of a glycerin droplet on a solid surface at
Oh = 0.267, Re = 36, and We = 92 against the experimental findings of Sikalo et al. [Šikalo
et al., 2002]. (a) Spreading and recoiling of droplet, 𝑑★ vs 𝑡★; and (b) Apex height of droplet,
ℎ★ vs 𝑡★.

4. RESULTS AND DISCUSSIONS
4.1. VALIDATION OF COMPUTATIONAL MODEL
In order to check the accuracy of the results, we also performed several validations
of the numerical model against the existing experimental and theoretical findings in the
literature. Figure 2 represents the spreading characteristics of a glycerin droplet on a solid
surface under gravity at Oh = 0.267, Re = 36, and We = 92, and it can be observed that
our simulation results (spreading and recoiling of droplet, apex height) quantitatively agree
very well with the experimental findings of Sikalo et al. [Šikalo et al., 2002]. Note that,
in this case, the simulations mimic the exact liquid properties and magnitude of different
parameters that are used in the experiments performed by Sikalo et al. [Šikalo et al., 2002].
Moreover, we compared the simulated maximum spreading diameter of the droplet
during spreading against the prevalent theories and experiments in the literature. According
to Chandra and Avedisian [Chandra and Avedisian, 1991], for a given droplet diameter
and impact velocity, the maximum spreading diameter 𝑑★𝑚𝑎𝑥 of a Newtonian droplet can be
theoretically approximated as:
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(b)

(a)

Figure 3. Comparison of simulated maximum spreading diameter 𝑑★𝑚𝑎𝑥 of a Newtonian
droplet against analytical [Chandra and Avedisian, 1991] and experimental [Scheller and
Bousfield, 1995] findings in literature. (a) 𝑑★𝑚𝑎𝑥 vs 𝑂ℎ𝑅𝑒 2 ; and (b) Representative maximum
droplet spreading diameter 𝑑★𝑚𝑎𝑥 under different 𝑂ℎ𝑅𝑒 2 .

 2 2

Re Oh
3
2 ★ 4
★ 2
ReOh 𝑑𝑚𝑎𝑥 + (1 − cos 𝜃 𝑤 )𝑑𝑚𝑎𝑥 −
+ 4 = 0,
2
3

(12)

whereas Schellar and Bousfield [Scheller and Bousfield, 1995] experimentally deduced an
expression for the maximum spreading diameter 𝑑★𝑚𝑎𝑥 for a wide range of Reynolds and
Ohnesorge numbers, which can be written as:

𝑑★𝑚𝑎𝑥



2

= 0.61 Re Oh

 0.166
.

(13)

Figure 3(a) represents the comparison of simulated maximum spreading diameter
𝑑★𝑚𝑎𝑥 of a Newtonian droplet against the analytical (Chandra and Avedisian) and experimental (Scheller and Bousfield) findings as discussed above, and it clearly demonstrates a
very good quantitative agreement among each other for a wide range of OhRe2 . Furthermore, for better visualization purposes, a few representative two-dimensional (2D) shapes
of maximum spreading droplet diameter are depicted in Figure 3(b). Additionally, we have
already validated the dynamics of a ferrofluid droplet under a permanent magnetic field
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in our previous article [Hassan et al., 2021a]. As a result, we do not feel the necessity
of providing the validation of droplet dynamics under non-uniform magnetic fields in this
article.

4.2. DROPLET SPREADING ON HYDROPHOBIC SURFACE
The spreading dynamics of an impinging droplet is primarily dependent on the
simultaneous interactions among inertial forces, capillary forces, viscous forces, and properties of the surface. Additionally, the impact velocity of the droplet 𝑈𝑖 is critical to the
spreading phenomenon of the droplet, which further depends on the height of the droplet
and initial velocity. The major dimensionless groups that ultimately play a significant role
in spreading dynamics are as follows:

Re =

𝜌 𝑑 𝑈𝑖 𝐷 0
,
𝜂𝑑

(14)

We =

𝜌 𝑑 𝑈𝑖2 𝐷 0
,
𝜎

(15)

𝜂𝑑
,
𝐷 0 𝜎𝜌 𝑑

(16)

𝜇 0 𝑅0 𝐻 2
.
2𝜎

(17)

Oh = √
and
Bo𝑚 =

In the above equations, Reynolds number (Re) represents the relationship between inertial
and viscous forces, whereas Weber number (We) denotes the competition between the
inertial and surface tension forces. Additionally, the properties of a liquid can be defined by
the Ohnesorge number (Oh), while the magnetic Bond number (Bo𝑚 ) relates the magnetic
and surface tension forces. Also, the horizontal and vertical axes are non-dimensionalized
by the initial diameter of the droplet 𝐷 0 , while impact velocity 𝑈𝑖 and 𝐷 0 are used as scaling
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parameters for nondimensional times. The correlations are as follows:

𝑟∗ =

𝑟
,
𝐷0

𝑧∗ =

𝑧
, and
𝐷0

𝑡∗ =

𝑡𝑈𝑖
.
𝐷0

(18)

Figure 4 depicts the time evolution of droplet shapes on a hydrophobic surface (i.e.,
𝜃 𝑐 = 90◦ ) under gravity at Re = 14.8, We = 15.4, and Oh = 0.267, and it suggests that as the
droplet falls under gravity, the droplet assumes an oblate shape due to inertial forces (𝑡★ =
−0.46). Next, as the droplet approaches near the bottom substrate (𝑡★ = −0.23), the local
pressure between the bottom interface of the droplet and hydrophobic substrate increases,
which in turn causes a flattening along the bottom interface of the droplet. Afterwards,
the droplet impacts the surface (𝑡★ = 0) where the spreading phenomenon begins, which is
usually accomplished in five consecutive stages on a hydrophobic surface i.e., kinematic,
spreading, recoiling, dewetting, and equilibrium phases. Upon initial contact, the kinematic
phase begins when the spreading diameter of the droplet increases upto the initial diameter
of the droplet (𝑡★ = 0.11). In the following stage, the droplet enters into the spreading phase
and continues spreading under inertial and capillary effects until it reaches a maximum
spreading diameter i.e., primary spreading diameter (𝑡★ = 0.93) where the kinetic energy
of the droplet is consumed by the viscous dissipation and conversion into surface energy.
Also, at this point, the kinetic energy of the droplet diminishes to zero, and the droplet
attains a minimum apex height, which marks the end of the spreading phase. However,
due to inertial impact, a large amount of liquid gets squeezed near the contact line region,
ultimately leading to a large curvature at the droplet-air interface that generates an increased
local pressure gradient. This eventually pushes the liquid to flow inward towards the droplet
center, thereby resulting in an increased apex height at 𝑡★ = 1.2 (beginning of the relaxation
phase). Moreover, during the relaxation stage, due to the rapid pressure increase at the
droplet-air interface and viscous nature of droplet, an air-droplet interface oscillation is
observed, while maintaining a fixed three phase contact line, which also agrees with the
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(a)

(b)

Figure 4. Time evolution of droplet shapes on a hydrophobic surface (𝜃 𝑐 = 90◦ ) under
gravity at Re = 14.8, We = 15.4, and Oh = 0.267. (a) Wetting phenomenon of droplet (cross
sectional view); and (b) Three-dimensional (3D) view of droplet shapes at representative
times. The vector indicates the velocity field inside and around droplets during motion.
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(a)

(b)

Figure 5. Wetting characteristics of an impinging droplet on a smooth hydrophobic surface
(i.e., 𝜃 𝑐 = 90◦ ) under gravity at Re = 14.8, We = 15.4, and Oh = 0.267. (a) Spreading
diameter, 𝑑★ vs 𝑡★; and (b) Apex height, ℎ★ vs 𝑡★.

existing findings in literature [Bird et al., 2008, Quéré, 1997]. However, following the
relaxation phase, due to the lower surface energy of the substrate, the droplet spreading
behavior quickly transitions into the dewetting phase where the droplet spreading continues
to decrease due to hydrophobicity of the substrate, while the magnitude of droplet apex
height increases (𝑡★ = 2). After spending a significant amount of time in the dewetting
phase, the droplet finally reaches a steady-state shape in the equilibrium phase (𝑡★ = 5.3),
which marks the end of the spreading dynamics of droplet. Moreover, the arrow velocity in
Figure 4(a) demonstrates the intensity of the flow field during different spreading stages of
the droplet, which also indicates a decline in the flow field strength as the droplet transitions
into successive spreading stages and completely diminishes in the equilibrium phase.
Additionally, Figure 5 shows the evolution of the spreading characteristics of an
impinging droplet on a hydrophobic surface (i.e., 𝜃 𝑐 = 90◦ ) under gravity at Re = 14.8,
We = 15.4, and Oh = 0.267, which indicates a swift increase in the spreading diameter
during the kinematic and spreading phases (Figure 5(a)) whereas the opposite is true for
the apex height of the droplet (Figure 5(b)). However, as the droplet transitions into the
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(a)

(b)

Figure 6. Wetting phenomenon of an impinging droplet on a hydrophobic substrate (i.e.,
𝜃 𝑐 = 90◦ ) under gravity and non-uniform magnetic fields at Re = 14.8, We = 15.4, and
Oh = 0.267. (a) Spreading diameter, 𝑑★ vs 𝑡★; and (b) Apex height, ℎ★ vs 𝑡★.

latter stages of spreading, the spreading diameter of the droplet continues to decrease, while
giving a rise to the magnitude of the droplet apex height due to the hydrophobic nature of
the bottom surface. Finally, an equilibrium stage is reached around 𝑡★ ≈ 5.3.

4.3. EFFECT OF NON-UNIFORM MAGNETIC FIELD
Our previous investigation on non-uniform magnetic field suggests that it is capable
of inducing a significant change in the shape of a ferrofluid droplet under static situations
[Hassan et al., 2021a]. However, the effect of non-uniform magnetic field on droplet impact
process is still unknown, as a result, now, we investigate the effect of non-uniform magnetic
field on the dynamic impact phenomenon of a ferrofluid droplet to realize its contribution
towards the overall impact dynamics leading to the steady state shape of a droplet.
Figure 6 represents the wetting phenomenon of an impinging droplet on a hydrophobic substrate under the combined effects of gravity and non-uniform magnetic fields
at Re = 14.8, We = 15.4, and Oh = 0.267, and it can be seen that as the magnetic field
intensity increases, the droplet experiences an increase in its base diameter (Fig. 6(a)),
while undergoing a decrease in the apex height magnitudes at the same time (Fig. 6(b)).
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(a)

(b)

Figure 7. Time evolution of magnetic field induced droplet wetting phenomenon on a
hydrophobic surface at Re = 14.8, We = 15.4, Oh = 0.267, and 𝜃 𝑐 = 90◦ . (a) Bo𝑚 = 3.74;
and (b) Bo𝑚 = 7.63. The vector indicates the velocity field inside and around droplets
during motion.
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Also, an increased magnetic field strength reduces the total amount of time required to
reach a steady state droplet shape after impact, which also signifies the dominance of the
magnetic field over the different spreading phases at higher magnetic Bond numbers Bo𝑚
(i.e., Bo𝑚 = 7.63). Additionally, as the magnitude of Bo𝑚 increases, the droplet experiences
a sharp increase in its base diameter in the spreading phase, while the apex height of the
droplet decreases under the attractive forces of the magnetic field.
The dynamic impact process of a ferrofluid droplet under a permanent magnetic
field can be better understood by the time evolution of droplet shapes under magnetic
fields at Re = 14.8, We = 15.4, Oh = 0.267, and 𝜃 𝑐 = 90◦ . Figure 7(a) indicates that at
Bo𝑚 = 3.74, as the droplet approaches the bottom substrate (𝑡★ = −0.11), the spherical
droplet transforms into a prolate shaped ellipsoid with greater curvature on the upper
interface, while the bottom interface near the vicinity of the magnet demonstrates a huge
contrast in curvature due to the attractive forces of the magnetic field. Next, as the droplet
impacts onto the substrate (𝑡★ = 0), the base diameter of the droplet continually increases
upto the initial droplet diameter under inertial and capillary forces, which also marks down
the end of the kinematic phase at 𝑡★ = 0.25. Afterwards, as the droplet enters into the
spreading phase, it reaches a maximum spreading diameter at 𝑡★ = 1.2, which is also
known as the primary spreading diameter of the droplet. Next, followed by oscillations at
the air-droplet interface, the droplet transitions into the relaxation and wetting phases on
a hydrophobic surface at 𝑡★ = 1.9, whereas in contrast, the droplet usually tends to enter
into the dewetting phase after recoiling in the absence of magnetic fields on a hydrophobic
surface (Fig. 4). Finally, the droplet attains a steady state shape at 𝑡★ = 6.3. Moreover, in
Figure 7(b), a similar impact phenomenon is observed at a higher magnetic Bond number
(i.e., Bo𝑚 = 7.63). However, just before the impact (𝑡★ = −0.11), more contrast in droplet
interface curvature near the vicinity of the magnet is observed, which again arises due to
the stronger attraction forces of the magnet at higher Bo𝑚 . Also, with the increase in the
magnetic field strength, as the prolate shaped droplet experiences a decrease in its surface
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area near the interface closer to the bottom substrate before the impact (𝑡★ = −0.11), the
contact area of the droplet decreases upon initial contact at 𝑡★ = 0, which also plays a
significant role behind the sudden decline in the droplet base diameter and rise in apex
height magnitudes at higher magnetic Bond numbers Bo𝑚 in Figure 6. Additionally, a
slight dip in the apex height is observed in the equilibrium stage (𝑡★ = 5.7) at Bo𝑚 = 7.63.
Furthermore, a set of experiments are conducted to analyze the impact behavior of
ferrofluid droplets under the exposure to magnetic fields. For this purpose, EMG 304 (a
water based ferrofluid) is chosen, which has a similar density as used in the simulations. The
density, viscosity, and initial magnetic susceptibility of the ferrofluid are 1.24×103 kg/m3 ,
5×10−3 Pa · s, and 5.03, respectively. Initially, droplets with diameter 2.4 ± 0.05 mm (similar
to numerical simulations) are generated using a plastic needle, which again maintains
an initial vertical separation from the bottom glass substrate. The glass surfaces, being
hydrophilic in nature (𝜃 𝑐 < 40◦ ), are treated with a water repellent spray to induce some
degree of hydrophobicity, which ultimately results in a contact angle of 68.5◦ ± 2◦ at the
three phase contact line along the substrate. Next, using the pendant drop technique, the
interfacial tension at the droplet-air interface is measured as 49.83±2 mN/m. Afterwards,
a permanent magnet (1/1600 thick and 1/400 in diameter) is placed below the glass substrate,
which again maintains a 3.51 mm vertical separation distance between the top of the magnet
and bottom of the substrate. Figure 8 depicts the evolution of droplet shapes during impact,
while Figure 9 represents the evolution of droplet spreading characteristics at We ≈ 10.
These experimental results are qualitatively in good agreement with the numerical findings
discussed above under the presence/absence of magnetic fields.

4.4. EFFECT OF MAGNET SIZES
Next, we analyze the effect of magnet sizes on the spreading behavior of a droplet
after the impact, and Figure 10 represents the time evolution of spreading characteristics of
a droplet on a hydrophobic surface (𝜃 𝑐 = 90◦ ) at Re = 14.8, We = 15.4, and Bo𝑚 = 3.74.
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(a)

(b)

Figure 8. Experimental images for droplet impact at We ≈ 10. (a) B = 0; and (b) B = 1.32
T.
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(a)

(b)

Figure 9. Evolution of droplet spreading characteristics after impact at We ≈ 10. (a)
Spreading diameter, 𝑑★ vs 𝑡★; and (b) Apex height, ℎ★ vs 𝑡★.

(a)

(b)

Figure 10. Effect of magnet size on droplet impact on a hydrophobic surface (𝜃 𝑐 = 90◦ ) at
Re = 14.8, We = 15.4, and Bo𝑚 = 3.74. (a) Spreading diameter, 𝑑★ vs 𝑡★; and (b) Apex
height, ℎ★ vs 𝑡★.
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(a)

(b)

(c)

Figure 11. Two-dimensional (2D) representation of droplet shapes during spreading on a
hydrophobic surface (𝜃 𝑐 = 90◦ ) at Re = 14.8, We = 15.4, and Bo𝑚 = 3.74. (a) 𝑊𝑚★ = 0.4;
(b) 𝑊𝑚★ = 0.6; and (c) 𝑊𝑚★ = 0.8.

In this analysis, the magnetic field strength and thickness of the magnet are kept constant,
while the diameter is varied to obtain different magnet sizes, which is also considered as a
common practice in industrial applications. From Figure 10(a), it can be seen that as the size
of the magnet increases, the base diameter of the droplet during spreading also increases,
which in turn causes a significant decrease in the apex height of the droplet during the
process (Figure 10(b)). Also, as the magnet size increases upto 𝑊𝑚★ = 0.8, the recoiling of
droplet during relaxation phase of spreading diminishes, and the droplet directly transitions
into the wetting phase after the completion of spreading phase, which further demonstrates
the predominant effects of magnetic fields. Additionally, with the increase in the magnet
sizes, the droplet interface becomes exposed to greater magnetic flux lines, which in turn
aids the droplet in reaching a steady state shape faster under the influence of a magnetic
field.
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Moreover, the dynamic evolution of the droplet interface during the impact event
at Re = 14.8, We = 15.4, and Bo𝑚 = 3.74 is shown in Figure 11, which suggests that the
droplet encounters a similar spreading phenomenon under different magnet sizes; however,
as the droplet approaches closer to the bottom substrate before impact, the droplet shape
becomes more distorted at increased magnet sizes, which ultimately reduces the magnitude
of base diameter that makes contact with the bottom substrate at 𝑡★ = 0. Eventually,
followed by a kinematic phase, the droplet undergoes consecutive spreading and relaxation
phases and ultimately reaches an equilibrium stage after the wetting phase. Interestingly,
the droplet attains steady state shapes at a faster rate at increased magnitudes of 𝑊𝑚★ .
Furthermore, Figure 12 illustrates the effect of magnet sizes on the droplet spreading
dynamics on different hydrophobic substrates at Bo𝑚 = 3.74 and Oh = 0.267. It can be
seen that without the presence of any external forces except gravity, as the hydrophobicity of
the substrate increases (i.e., increasing magnitudes of 𝜃 𝑐 ), the base diameter of the droplet
decreases (Figure 12(a)), while giving rise to the magnitudes of the apex height (Figure
12(b)) at the same time to conserve the volume of the droplet. However, as the magnetic field
is applied, the droplet encounters a transition in its shape. This also changes significantly
under increased magnet sizes. For example, at a fixed contact angle, as the size of the magnet
increases, the base diameter also increases, while the apex height decreases. This event is
consistent for different hydrophobic substrates under consideration. Moreover, at a fixed
magnet size, under the same magnetic field strength, the equilibrium spreading diameter
experiences an increase at lower contact angles compared with more hydrophobic substrates.
Interestingly, as the hydrophobicity of the bottom substrate increases, the increment rate
in the base diameter and decrement rate in the apex height decreases at higher magnitudes
of magnet sizes (i.e., 𝑊𝑚★ ≥ 0.6). The lower surface energy and higher surface tension
of the droplet can be considered as major reasons behind the lower rate of spreading on
more hydrophobic substrates. Additionally, the outline of equilibrium droplet shapes on
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(b)

(a)

(c)

Figure 12. Magnet size effects on droplet spreading dynamics on different hydrophobic
substrates at Bo𝑚 = 3.74 and Oh = 0.267. (a) Equilibrium spreading diameter, 𝑑★ vs 𝑊𝑚★ ;
(b) Equilibrium apex height, ℎ★ vs 𝑊𝑚★ ; and (c) Outline of equilibrium droplet shapes on
various hydrophobic surfaces under different magnet widths 𝑊𝑚★ .
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various hydrophobic surfaces under different magnet widths 𝑊𝑚★ are shown in Figure 12(c),
which clearly demonstrates the clear contrast in steady state shapes under the influence of
non-uniform magnetic fields generated by different width permanent magnets.

4.5. BOUNCING OF DROPLETS
When a droplet impacts on a substrate, depending on the wetting properties of the
substrate, the droplet can either wet or stick to the surface. However, if the impact substrate
is superhydrophobic in nature, it can repel impinging droplets under dynamic conditions,
which is critical to a variety of purposes, including pesticide sprays and self-cleaning
applications. Therefore, in the final section, we analyze the effects of superhydrophobic
surfaces on the post-impact dynamic behavior of droplets with different viscosities. Here, a
dimensionless group (i.e., Ohnesorge number Oh) is used to identify droplets with different
viscous properties, which has been defined in previous sections (Equation 16).
Figure 13 depicts the dynamic behavior of droplets on a superhydrophobic substrate
after impact under various Oh at We = 15.4 and 𝜃 𝑐 = 170◦ . It can be seen that at Oh = 0.057
(Figure 13(a)), as a low viscous droplet impacts the bottom substrate, it undergoes a similar
spreading phenomenon in the kinematic phase as observed in previous sections. However,
as the droplet transitions into the spreading phase, the inertial forces generated during the
impact process push the liquid downwards, i.e., towards the bottom substrate. This results
in a distorted shape at 𝑡★ = 1, which in turn forces the droplet to undergo a vigorous
transition in the recoiling phase. As the droplet starts recoiling (𝑡★ = 1.3), the spreading
diameter of the droplet continues to decrease. During the kinematic and spreading phases,
the kinetic energy of the droplet during impact is not fully consumed by the viscous
dissipation. Hence, the residual kinetic energy is carried on by the droplet in the recoiling
phase, which ultimately aids the droplet in bouncing off the surface (𝑡★ = 3.1). Note that,
in this case, the extremely lower surface energy of the bottom substrate additionally plays
an important role in generating a bouncing phenomenon in droplets on a superhydrophobic
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(a)

(b)

(c)

Figure 13. Bouncing of droplets on a superhydrophobic surface after impact under various
Oh at We = 15.4 and 𝜃 𝑐 = 170◦ . (a) Oh = 0.057; (b) Oh = 0.115; and (c) Oh = 0.267.
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surface. Next, as the droplet starts to migrate upward against gravity, it experiences drag
forces, which eventually provide resistance against the motion of the droplet. Ultimately,
the upward kinetic energy of the droplet is completely consumed by viscous dissipation and
drag forces. And, the droplet reaches a maximum height during the upward motion where
the velocity of the droplet diminishes to zero (𝑡★ = 7.1), which next triggers a downward
motion under the action of gravity at 𝑡★ = 11.3. However, as the viscosity of the droplet
increases (Figure 13(b)), the distortion in droplet is less pronounced due to the inertial
impact at 𝑡★ = 1. If the viscosity of the droplet is increased to an even greater extent, the
inertial forces engenders a minimal impact on the shape of the droplet after impact (Figure
13(c), 𝑡★ = 0.67). Also, at Oh = 0.267, the greater viscous dissipation of droplet overcomes
the kinetic and recoiling energies and in turn makes the bouncing phenomenon difficult even
on a superhydrophobic surface. That is, the droplet barely leaves the substrate at 𝑡★ = 3.9.
Moreover, the maximum height attained by droplets during the upward motion decreases
with the increase in droplet viscosities, and the droplet spends more time in the bouncing
regime at lower Ohnesorge numbers. Furthermore, these results agree well with the recent
experimental findings of Jha et al. [Jha et al., 2020].
Next, we apply a non-uniform magnetic field below the bottom substrate to observe
its effect on the bouncing phenomenon of droplets. Figure 14 illustrates the magnetic field
effect on the bouncing of droplets on a superhydrophobic surface at Oh = 0.115, We = 15.4,
and 𝜃 𝑐 = 170◦ . Here, two different magnetic field scenarios (varying magnitudes of Bo𝑚 and
𝑊𝑚★ ) are used to demonstrate the impact of magnetic fields under different conditions. Figure
14(a) suggests that as the magnetic field is activated (Bo𝑚 = 1.22, 𝑊𝑚★ = 0.6), the droplet still
tries to jump off the substrate at 𝑡★ = 3.7. However, it fails due to the stronger attraction forces
generated by the non-uniform magnetic field. Eventually, the droplet undergoes a transition
in its shape under the combined effects of gravity and the magnetic field and reaches an
equilibrium shape at 𝑡★ = 26.5 after a series of oscillations. Moreover, if a stronger magnetic
field is applied using a magnet of greater widths (i.e., Bo𝑚 = 3.74, 𝑊𝑚★ = 0.8), the dominance
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(a)

(b)

Figure 14. Magnetic field effect on the bouncing of droplets on a superhydrophobic surface
at Oh = 0.115, We = 15.4, and 𝜃 𝑐 = 170◦ . (a) Bo𝑚 = 1.22, 𝑊𝑚★ = 0.6; and (b) Bo𝑚 = 3.74,
𝑊𝑚★ = 0.8.
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of the magnetic field on the dynamic behavior of droplets is observed to an even greater
extent, which in turn again increases the maximum spreading diameter of droplet during
the spreading phase (𝑡★ = 0.69) and resists the bouncing event even more in comparison to
droplet spreading at lower Bo𝑚 and 𝑊𝑚★ (Figure 14(a), 𝑡★ = 0.46). Furthermore, the droplet
reaches a steady state shape faster under increased magnetic field strength (𝑡★ = 18.6) with
an increase in base diameter and decrease in apex height magnitudes, which again agrees
well with the findings in the previous sections.
In the final step, we experimentally demonstrate the bouncing phenomenon of
droplets at We = 15.5 (similar to numerical simulations) on a superhydrophobic surface
i.e., 𝜃 𝑐 ≈ 150◦ . Here, in order to induce superhydrophobicity on the bottom substrate,
followed by a thorough cleaning with Isopropanone (IPA) and drying, the glass slides are
treated with a commercial superhydrophobic coating (Ultra-Ever Dry). This ultimately
results in a contact angle around 150◦ ± 3◦ for EMG 304 water-based ferrofluid droplets.
Figure 15 illustrates the impact of a droplet on a superhydrophobic substrate at We = 15.5.
It can be seen that in the absence of magnetic fields (Figure 15(a)), the droplet experiences
an upward flight against gravity after the impact, which eventually reaches a maximum
height before coming back to the surface again due to the influence of gravity, while the
application of a magnetic field (Figure 15(b)) suppresses the bouncing phenomenon and
provides resistance against the upward flight i.e., the droplet sticks to the surface after the
impact. Moreover, these phenomena along with the evolution of droplet shapes during
and after impact agree qualitatively well with the numerical findings discussed above.
Furthermore, these results demonstrate the potential of magnetic fields in controlling the
bouncing phenomenon of low viscous droplets on substrates with extremely low surface
energies (𝜃 𝑐 ≥ 150◦ ) after the impact under the influence of gravity.
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(a)
1 mm

(b)

Figure 15. Bouncing of droplets at We = 15.5 and 𝜃 𝑐 = 150◦ ± 3◦ . (a) B = 0; and (b) B =
1.32 T.
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5. CONCLUSION
This work presents numerical and experimental analyses on the wetting and bouncing
dynamics of a ferrofluid droplet on hydrophobic surfaces under the combined effects of
gravity and permanent magnetic fields. The results indicate that when a ferrofluid droplet
approaches the vicinity of non-uniform magnetic fields at Re = 14.8 and We = 15.4, it
transforms into a cone shaped droplet, whereas an oblate shaped droplet is generated in the
absence of any magnetic forces before impact. Also, the curvature of the droplet near the
bottom substrate significantly changes before impact, with the increase in the magnetic field
strengths. Moreover, the application of a non-uniform magnetic field results in an increase
in the spreading diameter of the droplet during the spreading and equilibrium phases even
on a hydrophobic surface (i.e., 𝜃 𝑐 = 90◦ ), while causing a sharp decrease in the apex height
magnitude after the impact. Also, an increase in both magnetic field strength and magnet
width increases the spreading diameter of droplets even more on hydrophobic surfaces,
which eventually changes the steady state shape of droplets in the equilibrium conditions.
Additionally, these results are consistent on a range of different substrates that are either
hydrophobic or superhydrophobic in nature (i.e., 90◦ ≤ 𝜃 𝑐 ≤ 150◦ ).
Furthermore, the bouncing phenomenon of droplets is investigated under the influence of magnetic fields at different Ohnesorge numbers Oh, and the results suggest that
as Oh decreases to 0.115 (i.e., Oh = 0.115), the droplet encounters a bouncing event during the recoiling stage, which is even more pronounced at lower magnitudes of Oh (i.e.,
Oh = 0.057). Also, after bouncing off the surface, the droplet spends more time during the
upward flight at lower magnitudes of Oh, which ultimately increases the maximum height
reached by the droplet before the kinetic energy is totally consumed by the viscous dissipation and drag forces. However, the activation of a permanent magnetic field suppresses
the bouncing event and reduces the number of oscillations between the relaxation and equilibrium phases at higher magnetic Bond numbers Bo𝑚 . The results signify the potential of
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using non-uniform magnetic fields in the active control of wetting and bouncing dynamics
of an impinging droplet on hydrophobic surfaces, which is relevant to many technological
applications, such as spray cooling and advanced 3D printing of metals.
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SECTION

3. SUMMARY AND CONCLUSIONS

This dissertation, through numerical and experimental methods, has demonstrated
several novel methods to manipulate a wide range of droplet behavior i.e., deformation,
breakup, coalescence, wetting, and bouncing in droplet-based microfluidics applications by
using magnetic fields. The magnetic approach is advantageous over the traditional electric
field based methods, including manual control and flexibility of operations in resource
limited environmental applications.
First, an investigation is carried out on the deformation and orientation of a ferrofluid
droplet in simple shear flows under uniform magnetic fields. The results suggest that the
magnetic field plays a significant role at small capillary numbers (i.e., Ca ≈ 0.02) and
dictates the deformation and orientation of droplets. In contrast, at a large Capillary
number (i.e., Ca ≈ 0.25), the deformation and orientation of the droplet is determined
by both shear flow and magnetic fields. Also, both numerical and experimental results
demonstrate the lateral migration behavior of droplets under uniform magnetic fields along
𝛼 = 45◦ (migration towards the center of the flow domain) and 135◦ (migration towards the
bottom wall of the flow domain).
Second, the breakup mechanism of a ferrofluid droplet in a simple shear flow under
uniform magnetic fields is investigated at a low Reynolds number (i.e., Re = 0.03). The
results show that a magnetic field, applied along 45◦ and 90◦ , is capable of inducing a
breakup event in a droplet at a capillary number (i.e., Ca ≤ 0.5) where it usually does not
undergo a breakup phenomenon. On the other hand, applying a uniform magnetic field along
0◦ and 135◦ suppresses droplet breakup. Also, an investigation on the effect of viscosity
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ratios on the droplet breakup suggests a decrease in the critical magnetic Bond number Bo𝑐𝑟
values for more viscous droplets. Moreover, more satellite droplets are observed at higher
magnetic field strengths and larger viscosity ratios.
Third, an investigation on the ferro-hydrodynamic interactions between two equal
sized ferrofluid droplets is carried out at a low Reynolds number (Re ≤ 0.03) in simple
shear flows under uniform magnetic fields. The findings suggest that there exists a critical
capillary number (i.e., Ca ≈ 0.25) where the droplets slide over each other instead of
coalescence. However, application of an uniform magnetic field along 𝛼 = 0◦ results in
faster coalescence, while the droplets experience a reversing motion and separate away from
each other along 𝛼 = 45◦ . Moreover, at 𝛼 = 90◦ , a critical magnetic Bond number (i.e.,
Bo𝑐𝑟 ≈ 3.9) exists where the droplets show reversing motion behavior instead of a passing
over motion leading to coalescence. Furthermore, it is found that the collision event is
dependent on the initial vertical separation distance between droplets where the application
of uniform magnetic fields provides the users an external control on manipulating the
interaction behavior between droplets in shear flows.
Fourth, an inquiry on the dynamics between a pair of sessile droplets on a smooth
hydrophobic surface under a permanent magnetic field indicates that a non-uniform magnetic field is capable of increasing the wettability of a hydrophobic surface, which in general
has lower surface energy and interfacial tension between the droplet and solid surface. On
a superhydrophobic surface (i.e., 𝜃 𝑐 = 150◦ ), the non-uniform magnetic field forces the
droplets towards each other, which followed by a coalescence phenomenon, leads to a
jumping-off event of the merged droplet from the surface. Also, a critical magnetic Bond
number exists, above which the droplets do not undergo any coalescence phenomenon.
However, at 𝜃 𝑐 ≤ 120◦ , the droplets are still found to coalesce into a single droplet, but
no jumping phenomenon is observed. Additionally, as the viscosity of the surrounding
medium decreases, the merged droplet exhibits an increased vertical migration against the
direction of gravity.
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Fifth, a numerical analysis is carried out to investigate the dynamic interaction
behavior between a pair of uneven sized ferrofluid droplets falling through air under gravity
and uniform magnetic fields. The findings suggest that in the absence of any external forces
★ ≥ 6), which
except gravity, a critical initial vertical separation between droplets exists (Δ𝑌𝑐𝑟

prevents the droplets from undergoing coalescence phenomenon before hitting the bottom
wall. However, an uniform magnetic field along 𝛼 = 0◦ hinders coalescence, while it is
expedited along 𝛼 = 90◦ . Moreover, the application of magnetic fields along 45◦ greatly
impedes the coalescence event where the droplets are found to migrate along divergent
lateral directions.
Last, both numerical and experimental approaches are adopted to analyze the postimpact wetting and bouncing dynamics of droplets on a hydrophobic surface under gravity
and permanent magnetic fields. The results indicate that a non-uniform magnetic field is
capable of increasing the maximum and equilibrium spreading diameters of droplets after
impact on a wide range of hydrophobic surfaces (90◦ ≤ 𝜃 𝑐 ≤ 150◦ ), which usually have
tendencies to repel droplets. Moreover, an interesting bouncing phenomenon is observed in
low viscous droplets on a superhydrophobic surface (i.e., 𝜃 𝑐 ≈ 170◦ ); however the activation
of magnetic field significantly suppresses the bouncing event and pins the droplet to the
surface. Furthermore, both numerical and experimental results are found to be in well
agreement with each other. Nevertheless, these above mentioned techniques provide simple
and effective mechanisms for manipulation of a wide range of behavior of micro-droplets,
including deformation, breakup, coalescence, migration, wetting, and bouncing, which
in turn demonstrates the great potential of magnetic fields in industrial, biological, and
biomedical droplet-based applications.
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